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SPECTRAL SEQUENCE 
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Abstract. The loop (co)products on a simply-connected Gorenstein space are 
described in terms of the torsion and extension functors by developing string 
topology in appropriate derived categories. As a consequence, it is proved that 
the composite (the loop product) o (the loop coproduct) is trivial for a Poincare 
duality space. Moreover, we show that the Eilenberg-Moore spectral sequence 
converging to the loop homology of a Gorenstein space admits a multiplication 
and a comultiplication with shifted degree which are compatible with the loop 
product and the loop coproduct of its target, respectively. Especially, in case 
of a Poincare duality space, we have a new spectral sequence converging to 
the Chas-Sullivan loop homology. Our discussions on the loop product are 
generalized to the case of a relative loop space. 



1. Introduction 

There are several spectral sequences concerning main players in string topology 
[H [5l HU [44l [25] . Cohen, Jones and Yan [8] have constructed a loop algebra spectral 
sequence which is of the Leray-Serre type. The Moore spectral sequence converging 
to the Hochschild cohomology ring of a differential graded algebra is endowed with 
an algebra structure |17j and moreover a Batalin-Vilkovisky algebra structure [25] , 
which are compatible with such a structure of the target. Very recently, Shamir |44j 
has constructed a Leray-Serre type spectral sequence converging to the Hochschild 
cohomology ring of a differential graded algebra. Then one might expect that the 
Eilenberg-Moore spectral sequence (EMSS), which converges to the loop homology 
of a closed oriented manifold and of a more general Gorenstein space, enjoys a 
multiplicative structure corresponding to the loop product. 

The class of Gorenstein spaces contains Poincare duality spaces, for example 
closed oriented manifolds, and Borel constructions, in particular, the classifying 
spaces of connected Lie groups; see (TOJ HU EZ] ■ In [E], Felix and Thomas develop 
string topology on Gorenstein spaces. As seen in string topology, the shriek map 
(the wrong way map) plays an important role when defining string operations. Such 
a map for a Gorenstein space appears in an appropriate derived category. Thus we 
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can discuss string topology due to Chas and Sullivan in the more general setting 
with cofibrant replacements of the singular cochains on spaces. 

In the remainder of this section, our main results are surveyed. We describe 
explicitly the loop (co)products for a Gorenstein space in terms of the differential 
torsion product and the extension functors; see Theorems l2.3l[2T5l and l2.14l The key 
idea of the consideration comes from the general setting in |15j for defining string 
operations mentioned above. Thus our description of the loop (co)product with de- 
rived functors fits derived string topology, namely the framework of string topology 
due to Felix and Thomas. Indeed, according to expectation, the full descriptions of 
the products with derived functors permits us to give the EMSS (co)multiplicative 
structures which are compatible with the dual to the loop (co)products of its target; 
see Theorem 12.81 

By dualizing the EMSS, we obtain a new spectral sequence converging to the 
Chas-Sullivan loop homology with coefficients in a field 1 of a simply-connected 
Gorenstein space M with finite dimensional cohomology, in consequence a Poincare 
duality space. We observe that the i?2-term of the dual EMSS is represented by 
the Hochschild cohomology ring of H* (M;K); see Theorems 12.111 and 15.11 It is 
conjectured that there is an isomorphism of graded algebras between the loop ho- 
mology of M and the Hochschild cohomology of the singular cochains on M. But 
over F p , even in the case of a simply-connected closed orientable manifold, there 
is no complete written proof of such an isomorphism of algebras (See [TTJ p. 237] 
for details). Anyway, even if we assume such isomorphism, it is not clear that the 
spectral sequence obtained by filtering Hochschild cohomology is isomorphic to the 
dual EMSS although these two spectral sequences have the same Ei and i^-term. 
It is worth stressing that the EMSS in Theorem 12.81 is applicable to each space in 
the more wide class of Gorenstein spaces and is moreover endowed with both the 
loop product and the loop coproduct. Let N be a simply-connected space whose co- 
homology is of finite dimension and is generated by a single element. Then explicit 
calculations of the dual EMSS yields that the loop homology of N is isomorphic 
to the Hochschild cohomology of H*(N;K) as an algebra; see Theorem 17.11 This 
illustrates computability of our spectral sequence in Theorem 12.111 

With the aid of the torsion functor descriptions of the loop (co)products, we see 
that the composite (the loop product) o (the loop coproduct) is trivial for a simply- 
connected Poincare duality space; see Theorem 12 .131 Therefore, the same argument 
as in the proof of [321 Theorem A] deduces that if string operations on a Poincare 
duality space gives rise to a 2-dimensional TQFT, then all operations associated 
to surfaces of genus at least one vanish. For a more general Gorenstein space, an 
obstruction for the composite to be trivial can be found in a hom-set, namely the 
extension functor, in an appropriate derived category; see Remark 14.51 This small 
but significant result also asserts an advantage of derived string topology. 

2. Derived string topology and main results 

The goal of this section is to state our results in detail. The proofs are found in 
Sections 3 to 10. 

We begin by recalling the most prominent result on shriek maps due to Felix and 
Thomas, which supplies string topology with many homological and homotopical 
algebraic tools. Let IK be a field of arbitrary characteristic. In what follows, we 
denote by C* (M) and H* (M) the normalized singular cochain algebra of a space 
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M with coefficients in K and its cohomology, respectively. For a differential graded 
algebra A, let D(Mod-v4) and D(A-Mod) be the derived categories of right A- 
modules and left ^4-modules, respectively. Unless otherwise explicitly stated, it is 
assumed that a space has the homotopy type of a CW-complex whose homology 
with coefficients in an underlying field is of finite type. 
Consider a pull-back diagram T: 

4 \p 

N s- M 

f 

in which p is a fibration over a simply-connected Poincare duality space M of 
dimension m with the fundamental class ujm and N is a Poincare duality space of 
dimension n with the fundamental class ujn- 

Theorem 2.1. ([22], [HI Theorems 1 and 2]) With the notation above there exist 
unique elements 

f e Ext™r ( ^(C*(iV),C*(Af)) and ff ! e Ext™^ E) (C* (X) , C*(E)) 

such that H*(f')(u}jy) = ujm o,nd in D(Mod-C*(M)), the following diagram is com- 
mutative 

C*(X) 9 > C * +m - n {E) 

q '\ \ p * 
C*{N) C* +m ~ n {M). 

Let A be a differential graded augmented algebra over K. We call A a Gorenstein 
algebra of dimension m if 



dimExt^(K,yl) 



if * ^ to, 

1 if * = to. 



A path-connected space M is called a IK- Gorenstein space (simply, Gorenstein 
space) of dimension to if the normalized singular cochain algebra C*{M) with 
coefficients in K is a Gorenstein algebra of dimension to. We write dimM for the 
dimension to. 

The result jTOj Theorem 3.1] yields that a simply-connected Poincare duality 
space, for example a simply-connected closed orientable manifold, is Gorenstein. 
The classifying space BG of connected Lie group G and the Borel construction 
EG X(jM for a simply-connected Gorenstein space M with dim H*(M; K) < oo on 
which G acts are also examples of Gorenstein spaces; see [TU1 [41} [27] . Observe that, 
for a closed oriented manifold M, dim M coincides with the ordinary dimension 
of M and that for the classifying space BG of a connected Lie group, dim BG = 
— dimG. Thus the dimensions of Gorenstein spaces may become negative. 

The following theorem enables us to generalize the above result concerning shriek 
maps on a Poincare duality space to that on a Gorenstein space. 

Theorem 2.2. ( |15|, Theorem 12]) Let X be a simply- connected K- Gorenstein space 
of dimension to whose cohomology with coefficients in K is of finite type. Then 

Ext* CHXn) (C*(X),C*(X n )) = H*-^ m (X), 
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where C*(X) is considered a C* {X n )-module via the diagonal map A : X — > X n . 

We denote by A ! the map in D(Mod-C*(X")) which corresponds to a genera- 
tor of Vxt { c~ i 1 ^™(C*(X),X*(X n )) H°(X). Then, for a Gorenstein space X of 
dimension m and a fibre square 

E' 9 > E 
p'\ \p 

there exists a unique map g' in Ext£?*,^% m ((7*(-E'), C*(E)) which fits into the com- 
mutative diagram in D(Mod-C* {X n )) 

C*{E') 9 > C*{E) 

C*{X)^—^C*{X n ). 

We remark that the result follows from the same proof as that of Theorem 12.11 

Let K^— A-^-L be a diagram in the category of differential graded algebras 
(henceforth called DGA's). We consider K and L right and left modules over A 
via maps / and g, respectively. Then the differential torsion product Tor a (if, L) 
is denoted by Tor a{K, L) f t9 when the actions are emphasized. 

We recall here the Eilenberg-Moore map. Consider the pull-back diagram T 
mentioned above, in which p is a fibration and M is a simply-connected space. Let 
e : F — > C* (E) be a left semi-free resolution of C* (E) in C* (M)-Mod the category 
of left C*(M)-modules. Then the Eilenberg-Moore map 

EM : Tor^, CM) (C* (N), C* (E)) f . , p * = H(C*(N) ® C * {M) F) — > H*(X) 

is defined by EM(x® c *{M) u) = q*(x) — (g*e(u)) for x® c *{M) u G C*(N) ® c *(m) 
F. Observe that in the same way, we can define the Eilenberg-Moore map by 
using a semi- free resolution of C*(N) as a right C*(M)-module. We see that the 
map EM is an isomorphism of graded algebras with respect to the cup products; 
see [5U] for example. In particular, for a simply-connected space M, consider the 
commutative diagram, 

LM ^ M 1 

eiifl | p=(ev ,evi) | 

M ; 




where evi stands for the evaluation map at i and a : M <^-> M 1 for the inclusion of 
the constant paths. We then obtain the composite EM' : 

i/*(LA/)-^Tor^ (Mx2) (C*M,C*M / ) A ,J°-^Tor^ (M><2) (C*M,C*M) A%A -. 

Our first result states that the torsion functor Tor^,»^ Mx2) (C*(M), C*(M))a*, a* 
admits (co)products which are compatible with EM' . 
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In order to describe such a result, we first recall the definition of the loop product 
on a simply-connected Gorcnstein space. Consider the diagram 

(2.1) LM LM x m LM — LM x LM 

e«oj | |(e«o,ewi) 

M ^=^= M M x M, 

A ' 

where the right-hand square is the pull-back of the diagonal map A, q is the inclu- 
sion and Comp denotes the concatenation of loops. By definition the composite 

q' o (Comp)* : C*(LM) -)• C*(LM x M LM) C*(LM x LM) 

induces the dual to the loop product Dip on H*(LM); see [TSJ Introduction]. We see 
that C*{LM) and C*(LM x LM) are C*(M x M)-modules via the map ev oA and 
(evo, evi), respectively. Moreover since q' is a morphism of C*(M x M )-modules, it 
follows that so is q' o (Comp)* . The proof of Theorem 12.11 states that the map q is 
obtained extending the shriek map A ! , which is first given, in the derived category 
D(Mod-C*(M x M)). This fact allows us to formulate q- in terms of differential 
torsion functors. 

Theorem 2.3. Let M be a simply- connected Gorenstein space of dimension m. 
Consider the comultiplication given by the composite 

Tor p . (1,1) 

Tbr*. (Jwra) (Cf(M3,Cf(M3) A .,A. *-Tor^ t(M3) (C*(M),C*(M))((ixA)oA).,((ixA)oA)* 

i =|Tor (lxAxl)t (l,A*) 

\ Tor^ {M4) (C"(M),C*(M 2 )) (A2oA) ,, A 2. 

I |To ri (A ! ,l) 

(Tor^, (M2) (C*(M),C*(M))I«,A.)* + ™ ^Tbr*+^4 ) (C*(Af a ),C'(Af a )) A2 ., Aa .. 
See Remark \2.4\ below for the definition o/T. TTien t/ie composite EM' : 
_ff*(LM)^^»-TorJ.»( M 2- ) (C*(Af), C*(Af / ))A*,p° r -^ <T, r'or^»,( A:/ -2)(C'*(M), C*(M))a*,a* 

is an isomorphism which respects the dual to the loop product Dip and the comul- 
tiplication defined here. 

Remark 2.4. The isomorphism T in Theorem 12.31 is the canonical map defined 
by [5TJ1 p. 26] or by [32| p. 255] as the composite 

Tor* c , (M2) (C* (M), C* (M))® 2 »- Tor^, (JV/2 )ga (C* (M)® 2 , C* (M)® 2 ) 

Tor T ( 7 , 7 ) 

Tor^^C*^),^)) — ^ w ((ftOTv,(filiq»»)V) 

where T is the T-product of Cartan-Eilenberg [3J XI. Proposition 1.2.1] or [3U 
VIII.Theorem 2.1], EZ : C*(M)® 2 4 C*(M 2 ) denotes the Eilenberg-Zilber quasi- 
isomorphism and 7 : Hom(C» (M), K)® 2 -)• Hom(C*(M)® 2 , K) is the canonical 
map. 
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It is worth mentioning that this theorem gives an intriguing decomposition of the 
cup product on the Hochschild cohomology of a commutative algebra; see Lemma 
[TO below. 

The loop coproduct on a Gorenstein space is also interpreted in terms of torsion 
products. In order to recall the loop coproduct, we consider the commutative 
diagram 



(2.2) 



LM x LM LM x M LM Comp , LM 



M ■ 



M x M, 



where I : LM — > M x M is a map defined by ^(7) = (7(0), 7(5))- By definition, the 
composite 

Comp o q* : C* [LM x LM) -> C* (LM x M LM) -> C*(LM) 

induces the dual to the loop coproduct Dlcop on H*(LM). 

Note that we apply Theorem 12.11 to (2.2) in defining the loop coproduct. On 
the other hand, applying Theorem 12.11 to the diagram (2.1), the loop product is 
defined. 

Theorem 2.5. Let M be a simply- connected Gorenstein space of dimension m. 
Consider the multiplication defined by the composite 



Tor^ (M2) (C*(M),C*(M)) A .,A« 



■ Tor 



C*(M*)( C *( M 2 ).C*(M 2 )) A 2. iA 2. 

To ri (A*,l) 

Tor * c , (M4) (C* (M), C* (Af 2 )) (A 2 oA) , , A 2 

To ri ( A ! ,l) 



Tor 



c ,^ 2) (C*(M),C*(M)) A * >A , To _ 



A 2» 



where the maps a : M 2 M A and 7' : M 2 — > M 4 are defined by a(x,y) — 
(x,y,y,y) and 7' \x,y) — (x,y,y,x). See remark above for the definition ofT. 
Then the composite EM' : 



H* (LMf-§- 'Tot* c . (M 2 j (C* (M) , C* (M J )) A .; 



Tori(l,ff 



¥0 



•^ (M2) (C*(M),C*(M)) A ,, A , 



is an isomorphism respects the dual to the loop coproduct Dlcop and the multipli- 
cation defined here. 

Remark 2.6. A relative version of the loop product is also in our interest. Let 
/ : N — > M be a map. Then by definition, the relative loop space LtM fits into 
the pull-back diagram 

L f M ^ M 1 



(ev ,evi) 



N ■ 



M x M, 



(/,/) 

where evt denotes the evaluation map at t. We may write LjyM for the relative 
loop space LfM in case there is no danger of confusion. Suppose further that M is 
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simply-connected and has a base point. Let N be a simply-connected Gorenstein 
space. Then the diagram 

Comn a 

L N M ~* -L N M x N L N M > L N M x L N M 

(ev ,evi) 

N >-N x N 

A 

gives rise to the composite 

q ] o (Comp)* : C*{L N M) C*(L N M X N L N M) C*{L N M x L N M) 

which, by definition, induces the dual to the relative loop product Drip on the 
cohomology H*(LnM) with degree dim N; see (TTJ [19] for case that N is a smooth 
manifold. Since the diagram above corresponds to the diagram (2.1), the proof of 
Theorem 12.31 permits one to conclude that Drip has also the same description as 
in Theorem l2.31 where C*(N) is put instead of C*(M) in the left-hand variables of 
the torsion functors in the theorem. 

As for the loop coproduct, we cannot define its relative version in natural way 
because of the evaluation map I of loops at i; see the diagram (2.2). Indeed the 
point 7(5) for a loop 7 in LjyM is not necessarily in N. 

The associativity of Dip and Dlcop on a Gorenstein space is an important issue. 
We describe here an algebra structure on the shifted homology H-* +c [(LnM) = 
(H*(Ljs[M) v )*~ d of a simply-connected Poincare duality space N of dimension d 
with a map / : N — > M to a simply-connected space. 

We define a map m : H*(LnM) (g> H*(LnM) — » H*(LnM) of degree d by 

m(a ® b) = (-l) d(|Q|+d) (0DrZp) v )(a ® b) 

for a and 6 € H*(LnM); see [8, sign of Proposition 4]. Moreover, put H*(LatM) = 
H^, + d(L]srM). Then we establish the following proposition. 

Proposition 2.7. Let N be a simply-connected Poincare duality space. Then the 
shifted homology H*(LjvM) is a unital associative algebra with respect to the product 
m. Moreover, if M — N, then the shifted homology H*(LAf) is graded commutative. 

As mentioned below, the loop product on L^M is not commutative in general. 

We call a bigraded vector space V a bimagma with shifted degree if V is 
endowed with a multiplication V (8> V — ► V and a comultiplication V — > V <E> V of 
degree (£, j). 

Let K and L be objects in Mod- A and A-Mod, respectively. Consider a torsion 
product of the form Tor a (K, L) which is the homology of the derived tensor product 
K ®\ L. The external degree of the bar resolution of the second variable L filters 
the torsion products. Indeed, we can regard the torsion product Tor a(K, L) as the 
homology H(M®aB(A,A, L)) with the bar resolution B(A,A, L) -> L of L. Then 
the filtration T = {F p Tor^(i^, £)} p <o of the torsion product is defined by 

F p Tot a (K,L) = Im{i* : H(M ®a B^ p (A,A,L)) -> Tor A (K,L)}. 

Thus the filtration T = {F p Tor c . (A/ 2)(C*(A/), C*(M / ))} p < induces a filtration of 
H*(LM) via the Eilenberg- Moore map for a simply-connected space M. 

By adapting differential torsion functor descriptions of the loop (co)products in 
Theorems 12.31 and 12.51 we can give the EMSS a bimagma structure. 
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Theorem 2.8. Let M be a simply- connected Gorenstein space of dimension d. 
Then the Eilenberg- Moore spectral sequence {E*'*,d r } converging to H*(LM;¥L) 
admits loop (co)products which is compatible with those in the target; that is, each 
term E*'* is endowed with a comultiplication 5 : E^ q — > ® s+s i =p . t +t' =q+d,Ep t <g 
E* '* and a multiplication m : Ep f (g> E" '* — > E s r +S - t+t +d which are compatible 
with differentials in the sense that 

5d r = (—l) d (d r (g> 1 ± 1 (g d r )5 and m(d r (g 1 ± 1 (g d r ) = (-l) d d r m, 

moreover the Eao-term E^f is isomorphic to GtH*(LM;K) as a bimagma with 
shifted degree (0,m). 

If the dimension of the Gorenstein space is non-positive, unfortunately the loop 
product and the loop coproduct in the EMSS are trivial and the only information 
that Theorem 12.81 gives is the following corollary. 

Corollary 2.9. Let M be a simply- connected Gorenstein space of dimension d. 
Assume that d is negative or that d is null and H*(M) is not concentrated in 
degree 0. Consider the filtration given by the cohomological Eilenberg- Moore spectral 
sequence converging to H*(LM;K). Then the dual to the loop product and that to 
the loop coproduct increase both the filtration degree of H*(LM) by at least one. 

Remark 2.10. Let M be a simply-connected closed oriented manifold. We can 
choose a map A ! : C*(M) C*(M x M) so that H(A l )w M = w M xM\ that is, A ! 
is the usual shriek map in the cochain level. Then the map Dip and Dlcop coincide 
with the dual to the loop product and to the loop coproduct in the sense of Chas 
and Sullivan [4], Cohen and Godin [9], respectively. Indeed, this fact follows from 
the uniqueness of shriek map and the comments in three paragraphs in the end of 
[15l p. 421]. Thus the Eilenberg- Moore spectral sequence in Theorem [278] converges 
to H*(LM;K) as an algebra and a coalgebra. 

Let M be the classifying space BG of a connected Lie group G. Since the 
homotopy fibre of A : BG — > BG x BG in (2.1) and (2.2) is homotopy equivalent 
to G, we can choose the shriek map A ! described in Theorems 12.51 and 12.31 as 
the integration along the fibre. Thus q also coincides with the integration along 
the fibre; see [15l Theorems 6 and 13]. This yields that the bimagma structure 
in GrH* (LBG; K) is induced by the loop product and coproduct in the sense of 
Chataur and Menichi [6]. 

The cohomology of a closed manifold is indeed a Poincare duality DGA with 
trivial differential. Thus Theorem l5 . 31 below allows us to obtain a spectral sequence 
for computing the Chas-Sullivan loop homology of a closed oriented manifold, more 
general, of a Poincare duality space. 

The following theorem is the main result of this paper. 

Theorem 2.11. Let N be a simply- connected Gorenstein space of dimension d. 
Let f : N — s> M be a continuous map to a simply- connected space M . Then the 
Eilenberg- Moore spectral sequence is a right-half plane cohomological spectral se- 
quence {E*'*,d r } converging to the Chas-Sullivan loop homology M^(LjfM) as an 
algebra with 

E*'* £ HH*'*(H*{M);W*(N)) 
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as a bigraded algebra; that is, there exists a decreasing filtration {i* lp H*(L7vAf)}p>o 
ofW*(L]s[M) such thatW^ = Gt*'*M.*(LnM) as a bigraded algebra, where 

Gr™U*(L N M) = Fm_ {p+q) (L N M)/FP +1 M_ {p+q) (L N M). 

Here the product on the E2-term is the cup product ( See Definition \10.1\ (1)) induced 
by 

ff(A !v ) : H»(A0 ® H , (M) EU(iV) -)• H»(JV). 
Suppose further that N is a Poincare duality space. Then the E^-term is isomorphic 
to the Hochschild cohomology HH*'*(H*(M); H*(N)) with the cup product as an 
algebra. 

Taking N to be the point, we obtain the following well-known corollary. 

Corollary 2.12. (cf. 33, Corollary 7.19]) Let M be a pointed topological space. 
Then the Eilenberg-Moore spectral sequence E%'* — Ext^!( M ) (K, K) converging to 
H*(CIM) is a spectral sequence of algebras with respect to the Pontryagin product. 

When M = N is a closed manifold, Theorem 2.11 has been announced by Mc- 
Clure in [33 Theorem B]. But there is no proof in [35] . Moreover, McClure claimed 
that when M = N, the Eilenberg-Moore spectral sequence is a morphism of BV- 
algebras. We have not yet been able to prove this very interesting claim. 

Let / : M — > K(Z, 2) = BS 1 be a map from a simply-connected Poincare duality 
space. By applying the spectral sequence in Theorem 12. Ill we see that 

H*(L M #(Z,2);K) S H*(M;K) <g> A(y) 

as an algebra, where degx ® y = — dega; + 1; see Proposition 19.51 The result [22J 
Proposition 6.1] due to the third author asserts that the relative loop product is 
not graded commutative in general. On the other hand, the explicit calculation 
shows that the loop product on H,(Im^(2, 2); K) is graded commutative. 

For instance, consider the inclusion CP™ —5- K(Z,2). The result above says 
that the algebra structure of the loop homology M. ie {LcpnK{'L, 2)) is comparatively 
simple than that of LCP n ; see Theorems E3 EH and El 

Since K(Z, 2) = BS 1 is a Gorenstein space of dimension —1, the shifted homol- 
ogy H^Li^Z, 2)) = H*_x(LK(1j, 2)) is endowed with the loop product as men- 
tioned above. However, results [131 Theorem 4.5 (i)] and [5S1 Theorem 2.1] assert 
that the loop product on K (Z, 2) is trivial. It seems that the homology invariant, 
the loop product captures notably variations of the spaces in which whole loops or 
their stating points move. 

We summarize here spectral sequences converging the loop homology and the 
Hochschild cohomology of the singular cochain on a space, which are mentioned at 
the beginning of the Introduction. 



The homo-logical Leray-Serre type 


The cohomological Eilenberg-Moore type 


E± p , q = H"{M;H q (QM)) 

=>■ M- p + q (LM) as an algebra, 
where M is a simply-connected closed 
oriented manifold; see [8]. 


E™ = HH p ' q {H*(M);H*(M)) 

=>■ M-p- q (LM) as an algebra, 
where M is a simply-connected Poincare 
duality space; see Theorem |2.11| 


E'l q = H~ P (M) ® Ext-« (M) (K,K) 

=> HH' P " , (C(M);C*(M)) 
as an algebra, where M is a simply- 
connected space whose cohomology is 
locally hnite; see 1441. 


E P ' q = HH P '"(H*(M);H*(M)) 
HH p+q (C*(M); C*(M)) 
as a B-V algebra, where M is a simply- 
connected Poincare duality space; see [25]. 
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Observe that each spectral sequence in the table above converges strongly to the 
target. 

It is important to remark that, for a fibration N — > X — > M of closed orientable 
manifolds, Le Borgne |31) has constructed a spectral sequence converging to the 
loop homology M.*(LX) as an algebra with E% = H*(LM) (g W*(LN) under an 
appropriate assumption; see also [5] for applications of the spectral sequence. We 
refer the reader to [36 for spectral sequences concerning a generalized homology 
theory in string topology. 

We focus on a global nature of the loop (co)product. Drawing on the torsion 
functor description of the loop product and the loop coproduct mentioned in The- 
orems [273] and [2T5l we have the following result. 

Theorem 2.13. Let M be a simply- connected Poincare duality space. Then the 
composite (the loop product) o (the loop coproduct) is trivial. 

When M is a connected closed oriented manifold, the triviality of this composite 
was first proved by Tamanoi [46j Theorem A]. Tamanoi has also shown that this 
composite is trivial when M is the classifying space BG of a connected Lie group 
G [131 Theorem 4.4]. 

We are aware that the description of the loop coproduct in Theorem 12. 51 has no 
opposite arrow such as Tor( lxAxl j,(l, A*) in Theorem l2.3l This is a key to the proof 
of Theorem 12.131 Though we have not yet obtained the same result as Theorem 
!2.13l on a more general Gorenstein space, some obstruction for the composite to be 
trivial is described in Remark 14.51 

We may describe the loop product in terms of the extension functor. 

Theorem 2.14. Let M be a simply- connected Poincare duality space. Consider 
the multiplication defined by the composite 

E x t* c , (M2) (C*(M),C*(M))% 2 , A , 1 ^E x t^ (M4) (C*(Af 2 ),C*(Af 2 )) A2 . A2 . 

Bxti(l,A*) 

E*t* c , (Mi) (C*(M 2 ),C*(M)) A 2* >{A 2 oAr 

= "Ext (lxA><1) ,(AM) 



i:xt C* (M2) (C* (M), C* (M)) A , «— Ext J,, , (C* (M), C* (M)) ((lxA)oA) , i((lxA)oA) , . 



See Remark \2.15\ below for the definition of V. The cap with a representative r\ of 
the fundamental class [M] £ H m (M) gives a quasi-isomorphism of right-C* (M)- 
modules of upper degre —m, 

cap M ■ C*(M) -4 C m -*(M),x i] n x. 

Let $ : H* +m (LM) 4 Tor* c , {M x 2) (C*(M),C*(M)) be the composite of the iso- 
morphisms 



KAt- 1 1 t Tori(l,CT*) 

m+^{LMf^ ToS+™ M2) (C*(M),C*(M')) A *, p , T^t™ M2) (C*(M), C*(M)) A *, A , 

a TonOapAf.i) 
TorP, (M2) (a(M),C*(M)). 



DERIVED STRING TOPOLOGY 



11 



Ext C*(M 2 ) 



(C*M, C*M) 



A*, A* 



t (LM) is an iso- 



Then the dual of $ 7 $ v 
morphism which respects the multiplication defined here and the loop product. 

Remark 2.15. The isomorphism V in Theorem 12 .141 is the composite 

Ext^ (Af2) (C*Af,C*M)® 2 W - ^Ext^ (M2)02 (C*(M)® 2 ,C*(M)® 2 ) 

Exti(l,7) 



Ext 



* Ci(M 2 )82) v((C*(M)® 2 )\(a(M)® 2 ) v ) E ^^ ) Ext^ (M2)02 (C*(M)® 2 ,(a(M)® 2 ) v ) 



Ext Ez v (EZ V ,1) 



Ext 



^ (M4) (C*(M 2 ),(C7,(M)® 2 )V) 



Ext!(l,BZ v ) 



■Ext* 



>(M4) (C7*(M 2 ),C*(M 2 )) 



where V is the V-product of Cartan-Eilenberg [3l XI. Proposition 1.2.3] or [32j 
VHI.Theorem 4.2], EZ : C**(M)® 2 4 C*(M 2 ) denotes the Eilenberg-Zilber quasi- 
isomorphism and 7 : Hom(C* (M), K)® 2 ->■ Hom(C» (M)® 2 , K) is the canonical 
map. 

Remark 2.16. We believe that the multiplication onExt^»( M 2)(C*(M), C*(M))a*.a* 
defined in Theorem 12.141 coincides with the Yoneda product. 

Denote by A(M) the functorial commutative differential graded algebra Apl(M); 
see [131 Corollary 10.10]. Let ip : A(M)® 2 ^ A{M 2 ) be the quasi-isomorphism of 
algebras given by [131 Example 2 p. 142-3]. Remark that the composite A* o ip 
coincides with the multiplication of A(M). Remark also that we have an Eilenberg- 
Moore isomorphism EM for the functor A(M); see [Ml Theorem 7.10]. 

Replacing the singular cochains over the rationals C*(M; Q) by the commutative 
algebra Apl(M) in Theorem 12. 3[ we obtain the following theorem. 

Theorem 2.17. ( Compare with [16 ) Let N be a simply- connected Gorenstein space 
of dimension m and N — > M a continuous map. Let $ be the map given by the 
commutative square 



HP+ m (A(L N M)) 



EM 



Tor^(l,l) 



Tor_( M 2(A(iV),A(M^)) A ,, p . 



Tor 1 (1,0 



p—m 



(A(M),A(N)Y^'To^ < p M n l(A(N),A(M)) A , A 



Then the dual HH~ p ~ m (A(M), A(N) V )- 



-H 



{L N M- 



to $ is an isomor- 



phism of graded algebras with respect to the loop product and the generalized cup 
product on Hochschild cohomology induced by (A j4 ( A r)) v : A(N) V (g>A(N) v -> A(N) V 
(See Examvle MO. 6\) . 

Remark 2.18. Such an isomorphism of algebras between Hochschild cohomology 
and Chas-Sullivan loop space homology was first proved in [16]. But here our 
isomorphism is explicit since we do not use a Poincare duality DGA model for A(M) 
given by [30) . In fact, as explain in [16 , such an isomorphism is an isomorphism 
of BV-algebras, since $ is compatible with the circle action and Connes boundary 
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map. Here the BV-algebra on HH*(A(M), A(M)) is given by 37j Theorem 18 or 
Proof of Corollary 20]. 

In the forthcoming paper [26], we discuss the loop (co)products on the classifying 
space BG of a Lie group G by looking at the integration along the fibre (Camp)' : 
H* (LBG x bgLBG) — > H* (LM) of the homotopy fibration G -> LBG x B gLBG -)• 
BG. In a sequel [37], we intend to investigate duality on extension groups of 
the (co)chain complexes of spaces. Such discussion enables one to deduce that 
Noetherian H-spaces are Gorenstein. In adding, the loop homology of a Noetherian 
H-space is considered. 

The rest of this paper is organized as follows. Section 3 is devoted to proving 
Theorems H22 E3 EI] and Corollary EH Theorem |2"7T51 is proved in Section 4. 
In Section 5, we present a prove of Theorem 12.111 We prove Proposition 12.71 and 
discuss the associativity and commutativity of the loop product on Poincare duality 
space in Section 6. In Section 7, by making use of the spectral sequence described in 
Theorem l2.111 we compute explicitly the Chas-Sullivan loop homology of a Poincare 
duality space. Section 8 discusses a method for solving extension problems in 
the -Eoo-term of our spectral sequence. The naturality of the spectral sequence 
described in Theorem 12.111 is discussed in Section 9. Computational examples on 
the relative loop homology is given in the end of this section. In particular, for 
a simply-conncctcd Lie group G containing SU(2) as a subgroup, we compare the 
relative loop homology W*(L G (G/SU(2)) with H»(L(G/S77(2)) and H*(XG); see 
Proposition 19.61 Section 10 proves Theorem 12.141 and 12.171 In Appendix, shriek 
maps on Gorenstein spaces are considered and their important properties, which 
we use in the body of the paper, are described. 

Almost results of the loop product on H*(LM) in this paper are generalized to 
those on the relative loop homology H*(LjvM) when TV is a Poincare duality space. 
We shall give comments in an appropriate remark if such a result remains valid 
while proofs are left to the reader. 

3. Proofs of Theorems [231 [2~5l and |2~%1 

In order to prove Theorem 12.31 we consider two commutative diagrams 



(3.1) 



LM x LM ■ 

pxp 



LM x M LM 



M- 



M 1 x M M 1 ' ! 



M 1 x M 1 



M x M ■ 



A x A 



M 

evo ,ev\ ,evi — u 



(lxA)oA=» 



and 
(3.2) 



LM x M LM ■ 

Corap^^ I 

LM 



M ■ 



(lxA)oA 



pxp—p 

M 4 



M 3 



•M 

(evo,evi —evQ 1 evi)=u 

M 3 



M '■ 



M x M 
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in which front and back squares are pull-back diagrams. Observe that the left and 
right hand side squares in (3.1) are also pull-back diagrams. Here A and k denote 
the diagonal map and the inclusion, respectively. Moreover P13 : M 3 M 2 is the 
projection defined by pi3(x, y, z) — (x, z) and Comp : LM x m LM —> LM stands 
for the concatenation of loops. The cube (3.2) first appeared in [T6l p. 320]. 



Proof of Theorem \2.S\ Consider the diagram 
(3.3) 

Tor . (l,c*) 

Tor* c , (M2) (C*(M),C*(M I )) A ^ p , ^Tor* c , (M3) (C*(M),C*(M I x M M T )) V . <U , 

Em\~ ^fTor ro ,(l,r) 

^ H* (LM) J^^* C , (M , ) (C*(M) 1 C*(M 1 x M 1 ))^,^ 
dip ( H*(LM x M LM) Torpt^) (C*(M 2 ), C*(M J x M / )) A 2 %p 2. 

H* +m (LM x LM) 



where EM and EMi denote the Eilenberg-Moore maps. 

The diagram (3.2) is a morphism of pull-backs from the back face to the front 
face. Therefore the naturality of the Eilenberg-Moore map yields that the upper-left 
triangle is commutative. 

We now consider the front square and the right-hand side square in the diagram 
(3.1). The squares are pull-back diagrams and hence we have a large pull-back one 
connecting them. Therefore the naturality of the Eilenberg-Moore map shows that 
the triangle in the center of the diagram (3.3) is commutative. Thus it follows that 
the map Tor lu * (1, q*) is an isomorphism. 

Let e : B 4 C*(M) be a right C*(M 2 )-semifree resolution of C*(M) and e' : 
B' 4 C*(M ! x M 1 ) be a left C**(Af 4 )-semifree resolution of C*(Af 7 x M 1 ). We 
have a commutative diagram 

(3.4) 

C* (LM x M LM) C* (LM x LM) 

EM \- , || 

®c*(Mi) C*(LM x LM) ® lc " (LMx t M d*(M 2 ) ® c . (M a) C*(LM x LM) 

®chmi) (C*(M 2 ) ® C *(M4) W)^C*(M 2 ) ® C *(M2)(C*(M 2 ) ® .(m*)<»B / ) 

e®lj 




'1= 

C*(M) ® C , {M ^(C*(M 2 ) ® c » {Mi) M') C*{M 2 )® c , {Mi) ®W 



where EM- is the chain map which induces the isomorphism EMi. The commu- 
tativity of the square and of the left-hand side in (3.4) implies that of the lower 
square in (3.3). Indeed, observe that H*(q [ ) = H*(A [ <g> 1 c -(lmxlm))°H*(EM)- 1 
and To ri (A ! ,l) = H*{A' ® 1) o H*(e ® l)" 1 . 



14 



KATSUHIKO KURIBAYASHI, LUC MENICHI AND TAKAHITO NAITO 



The usual proof [2Ql p. 26] that the Eilenberg-Moore isomorphism EM is an 
isomorphism of algebras with respect to the cup product gives the following com- 
mutative square 



H* [LM) 



<g>2 



Tor^ (M3) (C*(M),C*(M'))I2 



EM* 



H*(LM x LM)^Tor* c , {Mi) (C*(M 2 ),C*(M I x M 7 )) A2>2 . 



This square is the top square in |33[ p. 255]. 

Consider the commutative diagram of spaces where the three composites of the 
vertical morphisms are the diagonal maps 



M x M 




AxA 



M x M 



1> 13 



Using the homotopy equivalence a, a' and a 2 , we have the result. 



□ 



We decompose the maps, which induce the loop coproduct, with pull-back dia- 
grams. Let I : LM — >• M x M be a map defined by Z( 7 ) = ( 7 (0), 7 (|)). We define 



a map ^ : LM -> LM by <p( 7 )(i) = 7 (2t) for < t < | and </?( 7 )(i) = 7 (1) for 
~ < t < 1. Then 93 is homotopic to the identity map and fits into the commutative 
diagram 



(3.5) 



LM- 



A 

M x M - 



M • 



M 1 x M 1 



■ M . 



M 7 



M x M 



Here the maps a : M 2 -> M 4 , /3 : M J -> M 7 x Af 7 and 7 ' : M 2 -> M 4 are defined 
by a(x,y) = (x,y,y,y), /3(r) — (r,c r (i\) with the constant loop c r m at r(l) and 
7 '(x, y) = (x, y, y, x), respectively. We consider moreover the two pull-back squares 

(3.6) LM x M LM LM — M 7 x M 7 

M M x M s> M 4 

A 7 ' 
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and the commutative cube 



(3.7) 



LM x M LM 



loq 



LM x LM ■ 



M x M ■ 



M 1 x M 1 



M ■ 



(AxA)oA 



M 1 x M 1 



■ M 4 



AxA 



M 4 



in which front and back squares are also pull-back diagrams. 

Proof of Theorem \2.5\ We see that the diagrams (3.5), (3.6) and (3.7) give rise to 
a commutative diagram 



H*(LM x LM) Tor^, (M4) (C*(M 2 ),C*((M / ) 2 )) A2%p2 . 




Ton(A*,l) 



Dicopl H* (LM x M LM) p-Tor* c , (M4) (C*(M),C*(M I x M 1 ))^,^ 



Comp' 



Ton(A ! ,l) 



H*+ m {LM)^-Tor* ( +^ Mi) {C*{M 2 ),C*{M I x M 1 ))^,^ 

<p*=id Tor Q * (A*,/3*) S 

H*+™(LM) < * m Tor^ M2) (C*(M),C*(M J ))A., p .- 



In fact, the diagrams (3.5) and (3.7) give morphisms of pull-backs from the back 
face to the front face. Therefore the naturality of the Eilenberg-Moore map yields 
that the top and the bottom squares are commutative. 

Using the diagram (3.6), the same argument as in the proof of Theorem 
enables us to conclude that the middle square is commutative. 

Since the following diagram of spaces 




M x M — — M 4 



is commutative, the theorem follows. 



□ 



By considering the free loop fibration QM — !• LAI -4 M, we define for Gorenstein 
space (see Example lll.2j) an intersection morphism H(rj\) : H* +m (LM) — > H^iVtM) 
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generalizing the one denned by Chas and Sullivan [4] . Using the following commu- 
tative cube 

LM M 1 




71 /r V x 1 

* x M 



where all the faces are pull-backs, we obtain similarly the following theorem. 

Theorem 3.1. Let M be a simply- connected Gorenstein with generator lom in 
Ext™, / M ) (K, C* (M)) . Then the dual of the intersection morphism H(rj') is given 
by the commutative diagram 

H*(QM) -<gg- Tor^, (M) (K, C'(PM)), t , CTl , M ^'''' ) > Tor^, (M) (K, K)„, n . 



H(fj') 



EM 



Tor^ xl) ,(l,(7)Xl)*) 



Tor 



Tor^, (M2) (IK,C*(M / ))^,/-^^2Tor^ (M2) (K ; C*M) t ,,, A . 



Tor*(w M ,l) 



H*+ m (LM) ^ Tot* c , {m (C* (M), C* {M 1 )) A ,, p 



TorI(l,<7* 



To 



■2j. (JMa) (C*M,C*A0A.,A- 



Let T be the pull-back diagram in the front of (3.1). Let T denote the pull- 
back diagram obtained by combining the front and the right hand-side squares in 
(3.1). Then a map inducing the isomorphism Tor w « (1, q*) gives rise to a morphism 
{f r } : {E r ,d r } — > {E r ,d r } of spectral sequences, where {E r ,d r } and {E r ,d r } arc 
the Eilenberg-Moore spectral sequences associated with the fibre squares T and J-, 
respectively. In order to prove Theorem 12. 81 we need the following lemma. 



Lemma 3.2. The map fi is an isomorphism. 
Proof. We identify fi with the map 

Tor ff , w (l,iP(A)) : Tot h . (m ^(H*M, H*(M x M)) -> Tot h , (m3) (H*M,H*M). 

up to isomorphism between the i?2-term and the torsion product. Thus, in order to 
obtain the result, it suffices to apply part (1) of Lemma ll0.3l for the algebra H*(M) 
and the module H*(M). □ 

We are now ready to give the EMSS (co)multiplicative structures. 

Proof of Theorem \2.8i Gugenheim and May p. 26] have shown that the map 
T induces a morphism of spectral sequences from E r <g> E r to the Eilenberg-Moore 
spectral sequence converging to H*{LM x LM). In fact, T induces an isomorphism 
of spectral sequences. All the other maps between torsion products in Theorems 
and 12.51 preserve the nitrations. Thus in view of Lemma |3.2[ we have Theorem 



In fact, the shriek map A ! is in Ext™» (M2) (C*(M), C*(M 2 )). Then we have 

dA- = (-l) m A'd. Let {Ep*,d r } and {Ep*,d r } be the EMSS's converging to 
Tor^ (M4) (C*(Af),C*((M / )) 2 ) and Tov* c , {Mi) (C*(M 2 ), C*((M J ) 2 )), respectively. 

Let {f r } : {E'p* 7 d r } — > {E*>*,d r } be the morphism of spectral sequences which 



DERIVED STRING TOPOLOGY 



17 



gives rise to Tori (A ! ,l). Recall the map A 1 ® 1 : !<g> c „ (M 4)B' -> C* (M 2 )(g) C . (M 4 ) B' 
in the proof of Theorem 12.31 It follows that, for any b ® b 1 £ B <8>c*(m 4 ) ®'> 

(A ! <g> l)d(6 ® 6') = A ! (d6®6' + (-l) dcgb 6®d&') 

= A'db®b' + (-l) desb A-b®db' 

= (-l) m dA ! 6®6' + (-l) dcgb A ! &®d6'. 

On the other hand, we see that 

d(A ! <g> 1)(6® &') = dA { (b<g>b') 

= dA-b®b' + {-l) dcsb+m A ] b®db' 

and hence (A ! ® l)d = (-l) m d(A ! <g> 1). This implies that f r d r = (-l) m d r f r . 
The fact yields the compatibility of the multiplication with the differential of the 
spectral sequence. 

The same argument does work well to show the compatibility of the comultipli- 
cation with the differential of the EMSS. □ 



Proof of Corollary ULM Since H*(A ] ) is H* (M 2 ) -linear, it follows that £T(A ! ) o 
H*{A)(x) = H*(A')(1) U x. If d < then £P(A ! )(1) = 0. 

If d = then H*(A'){1) = Al where A e K and so the composite H*(A l )oH*(A) 
is the multiplication by the scalar A. Let m be an non-trivial element of positive 
degre in H*(M). Then we see that = H*(A') o H*(A)(m ® 1 - 1 <g> m) = 
A(m ® 1 — 1 ® m). Therefore A = 0. 

So in both cases, we have proved that H*(A') o if* (A) = 0. Since if* (A) 
is surjective, ff*(A ! ) : H*(M) — > H* +d (M 2 ) is trivial. In particular, the induced 
maps To4, (M 4 ) (-ff*(A ! ),i?*(A/ / x M Af 7 )) and Tor* HHMi) (H*(A l ),H*((M 1 ) 2 ) are 
trivial. Then it follows from Theorems 12.31 and 12.51 that both the comultiplica- 
tion and the multiplication on the E^-term of the EMSS, which correspond to 
the duals to loop product and loop coproduct on H*(LM) arc null. Therefore, 
= GiH*(LM) is equipped with a trivial coproduct and a trivial product. 
Then the conclusion follows. □ 



Remark 3.3. It follows from Corollary 12.91 that under the hypothesis of Corollary 
12.91 the two composites 

H*{M) ® H*(M) P *® P l H*(LM) ® H*(LM) Dlcop > H*(LM) 

and 

H*(LM) ® H*(LM) L °° Pprodu n H*(LM) H*(M) 
are trivial. This can also be proved directly since we have the commuting diagram 

H(Comp') 

H (LM x M LM) + H (LM x LM) 

| j(pxp)* 

H*(M) H*(M x M) 

H(A') 

and since : H*(LM) — > H t (M) is a morphism of graded algebras with respect to 
the loop product and to the intersection product H(A\). As we saw in the proof of 
Corollary 12.91 under the hypothesis of Corollary 12. 9[ if* (A') and its dual if*(Aj) 
are trivial. 
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4. Proof of Theorem 12.131 

The following Lemma is interesting on his own. 

Lemma 4.1. Let M be an oriented simply- connected Poincare duality space of 
dimension m. Let M -» B be a fibration. Denote by M x b M the pull-back over B. 
Then for all p G Z, Ext^L^ (C* (M) , C* (M) ) is isomorphic to H p+rn (M x B M) 
as a vector space. 

Remark 4.2. A particular case of Lemma 14.11 is the isomorphim of graded vector 
spaces Extp», MxM s (C*(M), C*(M)) = H p+m (LM) underlying the isomorphism 
of algebras given in Theorem 12.141 Note yet that in the proof of Lemma 14. 1[ we 
consider right C*(-B)-modules and that in the proof of Theorem 12 .141 we need left 
C*(M 2 )-modules; see Section 10. 

Remark 4.3. Let F be the homotopy fibre of M — > B. In |23J Theorem B], Klein 
shows in term of spectra that Ext^, ns .(C* (F), C*(F)) = H p+m (M xbM) and so, 
using the Yoneda product [23j Theorem A], H* +m (M Xb M) is a graded algebra. 

The isomorphism above and that in Lemma 14 . 1 1 make us aware of duality on the 
extension functors of (co)chain complexes of spaces. As mentioned in the Introduc- 
tion, this is one of topics in [37] . 



Proof of Lemma The Eilenberg-Moore map gives an isomorphism 
H p+m (M x B M) SS Ext-^(C*(M),C*(M)). 

The cap with a representative r\ of the fundamental class [M] £ H m (M) gives a 
quasi-isomorphism of right-C*(M)-modules of upper degre — m, 

cap M ■ C*(M) -4 C m _*(M), x h-> rj n x. 
Therefore, we have an isomorphism 

Ext* c « {B) (C*(M),ca PM ) : Ext"? (B) (C* (M), C*{M)) Ext^™ (C* (M), C.(M)) 

This completes the proof. □ 

Proof of Theorem \2.13[ Theorems l2.3l and l2.5l allow us to describe part of the com- 
posite 

H*(LM x M LM) H H ] H* +m {LM x LM) Dl -T H* +m (LM x LM) 
in terms of the following composite of appropriate maps between torsion functors 

Tor* c , {m (C*(M),C*(M 2 )) {wvrA 2, 

|To ri (A ! 4) 

Tor^ M4) (C*(M 2 ),C*(M 2 )) A2 ., A2 .. 

|Ton(AM) 

Tor£^ 4) (C* (M), C* (M 2 )) (wv) ., A2 . 

|To ri (A ! 4) 

Tor^™ 4) (C*(Af 2 ),C*(M 2 )) 7 ,. !A2 . ^^^(A'.a*) 




Ton (AM) | 

TorJ+^4) (C* M, C* (A/ 2 ) W ^^—^ Tor^+ 2 , m /2) (C*M, C*M) A * 
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By virtue of Lemma |4~T| we see that Ext^?( M 4) (C*(M), C*(M) )(„,„)*, A* a* is iso- 
morphic to iJ_ m (M 5lv5lv51 ) = {0}. Then the composite C*(M) H C*(M x 

M) ^ C*(M) ^ C*(M x M) ^ C*(M) is null in D(Mod-C*(M 4 )). Therefore the 
composite Dlcop o H(q') is trivial and hence Dlcop o Dip := Dlcop o H(q ) o comp* 
is also trivial. □ 

Remark 4.4. Instead of using Lemma T4.ll one can show that 

Ext^ (M 4)(C*(Af),C*(Af)) (wu) ,, A . Q , - {0} 

as follow: Consider the cohomological Eilenberg-Moore spectral sequence with 
E** -Ext^ (M4) (iP(M),tf*(M)) 

converging to Extp,( M 4)(C*(M), C*(M))( t0l ,). ! A*a*- The we see that 

E?'* = Hom(#*(M) g> F + (M 4 )® p ,iJ'*(M)). 

Therefore, since M 4 is simply-connected and H >m (M) = {0}, E^ 9 = {0} if q > m— 
2p (Compare with RemarkESJ). Therefore Ext£t? M 4) (C*(M), C*(M) ) (tm) )., A *a« = 
{0} if p + q > m. 

Remark 4.5. Let M be a Gorenstein space of dimension m. The proof of Theorem 
2.12 shows that if the composite 

A* o A ! o A* o A ! e Ext%Z (Mi) (C*(M),C*(M)) {wvrtA * a . 

is the zero element. Then Dlcop o Dip trivial. 

Remark 4.6. In the proof of Theorem l2. 131 it is important to work in the derived cat- 
egory of C*(M 4 )-modules: Suppose that M is the classifying space of a connected 
Lie group of dimension —to. Then since m is negative, the composite A ! o A* is 
null. In fact A ! oA* 6 Ext™ (M2) (C*(M 2 ), C**(M 2 )) 1%1 . £ H m (M 2 ) = {0}. But in 
general, Dlcop is not trivial; see [T5J Theorem D] and . Therefore the composite 
A* o A ! o A* € Ext™« (M 4 ) (C*(M 2 ),C*(M)) A 2. iA . ct , is also not trivial. 

5. Proof of Theorem 12.111 

We prove the following particular version of Theorem 12.111 

Theorem 5.1. Let M be a simply- connected Poincare duality space. Then the 
Eilenberg-Moore spectral sequence is a right-half plane cohomological spectral se- 
quence {£*'*, d r } converging to the Chas-Sullivan loop homology H*(LM) as an 
algebra; that is, there exists a decreasing filtration {f p M,(LM)} p >o o/i,(IM) 
such that E^* = Gr*'*W*(LM) as a bigraded algebra, where 

Gr p < q W*(LM) = F p U_ {p+q) (LM)/F p+1 U_ {p+q) (LM) 

and 

E* 1 * = HH*'*(H*(M);H*(M)) 

as a bigraded algebra. 

The proof of Theorem 12.111 proceeds verbatim as that of Theorem 15.11 Indeed 
we have a torsion functor description of the relative loop product as in Theorem 
12.31 see the proof of Proposition 19.21 below. The details are left to the reader. 

Let A be a Poincare duality DGA. Then Theorem 12.31 defines a coproduct on 
the torsion product Tor^®2 (A, A). It turns out that the dual to the coproduct 
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coincides with the cup product on the Hochschild cohomology HH* (A, A) under 
an appropriate isomorphism between ToT A m(A, A) and HH*(A, A). To state the 
result more precisely, we recall a Poincare duality DGA. 

Definition 5.2. An oriented differential Poincare duality algebra over an arbitrary 
held K of dimension d is a triple (A, d, e) such that 

(1) (A, d) is a connected commutative differential graded algebra, 

(2) (A, s) is an oriented Poincare duality algebra; that is, e : A d — >• K such 
that the induced bilinear forms are non- 
degenerate, 

(3) e{dA) = 0. 

We see that the map 9 a ■ A — > A v of degree — d defined by 9A(a)(b) = e(ab) for 
a, b G A is a right A-linear isomorphism which commutes with differential. Observe 
that A d ^ (A°) v = K and A p = for p > d. 

Denote by \i : A ® A — > A the product of A. Wc define the map A ! : A A® A 
by the commutative diagram 

A ^ A® A 

Oa®0a 

A v — (A g> A) v ^ A y ® A w . 

tj, v - 

By definition, A ! is a right A® 2 -linear map of degree d which commutes with the 
differential. 

Let £ : 1 = B(A,A,A) -> A be the bar resolution of A. Recall from [IB] the 
coproduct c : B — ► B ® A B of 1 defined by 

c(a[oi|a 2 | • • • |a n ]6) = 2J a[ai| • ■ ■ ® l[a»+i| • • • \a n ]b (n > 0). 

i=0 

We denote by q : B ® B — » B Cgu B the quotient map. Moreover we define maps, 
which are needed below, as follows. 

p : A <g> A — ► B, p(a (g> b) = a[ ]b, 

u : A® 3 — s- B ®a B, it (en ®a 2 ® a 3 ) = ai[]a 2 ® 1[ ]a 3 , 

u := /i(;U ® 1) : A® 3 — > A, 

w:=l<g>/i®l:A® 4 — > A® 3 , 

pii : A® 2 — >■ A® 3 , pii(a (g» &) = a <g> 1 6. 

The diagram in Theorems 12.31 allows us to define the map Dip a ■ Tor^®2 (A, A) — > 
(Tor^® 2 (^4, A))® 2 of degree +d by the composite 

Tor 5ir( 1 > 5 ) Tor^(l,q) _1 

Dip A : Tor^g, 2 (A, B) M ,p s~ Tor* 33 (4, B ®a B)^ Tor^ 84 (A, B <g> B)« jf « ; 



Tor*+ d 4 (A® 



where 4> '■ Tor^® 2 (A, B)®| — > Tor^® 4 (A® 2 , B ® 6)^2^2 is an isomorphism defined 

by (j)((a 1 ®x 1 )®(a2®x 2 )) = {-l)\ Xl ^ a2 \(a 1 <Z>a 2 )<S)(x 1 (g)x 2 ), for a t ®Xi G A(g> A ®2B. 
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We relate the map DlpA to the cup product on the Hochschild cohomology 
HH*(A; A). Let C : HH*(A,A) -> Tor * Am (A, B) v be the map of degree -d defined 
by the composite 

HH*(A, A) = H* (Hom A ®2 (B, A)) — s- H *" d (Hom A «2 (B, A v )) 



H*- d (Rorm(A <g> A ®2 B, K)) ■ 



•Hom K (f/' d -*( J 4( 



(Tor A ® 2 (A,A) v )*- 



Here i* denotes the adjunction map induced by the isomorphism of complexes 

i : Hom A »2(B, A v ) — ► Rom K (A <E> A m B,K) 

which is defined by b(<p)(a®x ) = (-l)^ a ^(x)(a) for a £ A and i£t We observe 
that £ is an isomorphism of vector spaces. 

Let U : HH*(A,A)®HH*(A,A) -> HH*(A, A) be the cup product of if if* (A, A); 
that is, for <^ G HH*(A, A), the product is defined by 

(5.1) (ipi U V5 2 )(a[ai| • • • \a m ]a?) = (fi o (ipi <g> y> 2 ) ° c)(a[ai \ ■ ■ ■ \a m ]a'). 

We then have the following result. 

Theorem 5.3. The diagram 



((Tor A » 2 (A,A) v )® 2 )*- 2d . 
=1 

((Tor A8 ,2(A,A)® 2 ) v )*- 2d 

(Dip A ) v | 

(Tor A « 2 (A, A) v )*- d -^ 



HH*{A,Af 



HH*(A, A) 



is commutative. 

To prove Theorem l5.3l we shall use an interesting decomposition of the cup prod- 
uct of the Hochschild cohomology of a commutative (possible differential graded) 
algebra, which is described in Lemma 110.31 below. 



Proof of Theorem \5.S[ We consider the following two diagrams 

(5.2) 



H*(Hom K (A 



H*(Hom K (A® 2 <g> A84 B® 2 ,K)) 
Homi(A'®l,l)»| 
H*(Uom K (A ® Am B® 2 ,K)) 

Homi(l® 9 ,l)r 1 j 
H*(Hom K (A® Am (B ® A B),K))- 

Homi(l®c,l)| 



■ _f/*(Hom A ® 2 (B, A v ))® 2 ^£di^£di — HH*(A, A)® 2 



H* (Hom A ® 4 

■ ff*(Hom A «4( 
Ho mi (l,(A ! ) v ) 

— H* (Hom A g 

Homi((j,l)» 1 

- ff*(Hom A83 

HoiHjj,., (<:',]) 



(A v )'» 2i )) A -^ ) H*(Hora Am (B® 2 , A® 2 )) 



2 ) v )) (*) Homi(l, M ) 



■ff*(Hom A8l 4(B® 2 ,A)) 



® 2 ,A V ))-^^ 

Hom^,,!)- 1 ! 

i A B, A v )) 4^- (Hom A8) 3 (B ® A B, A)) 

Hom FI 3-(c,l) I 



H*(Hom K (A(g) A ®2 B,K)) ■ 



•H*(Hom AS , 2 (B, A v )) ■ 



■H*(Hom A8)2 (B,A)), 
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and 
(5.3) 



(Dlp A ) 




H* (HomK(j4 ( 



H*(Rom K (A® 2 <g. A84 

Homi(A ! ®l,l),| 

H*(Uom K (A ® A84 B 

Horn! (10q, 1)7 X | 



H*(Hom K (A® A ® a (B ® A B),K)) 
HomiXllgic,!) j 

H*(Hom K (yl® A8 2 B,K)). 

It is readily seen that all squares are commutative. In fact we see that the diagram 
(*) in (5.1) is commutative by the definition of A'. Lemma TIP. 31 (4) enables us to 
conclude that the composite of the right hand side maps of the diagram (5.1) 

Hom^c, l)»Homi(g,l)~ 1 Homi(l,^)® : HH*(A,A)® 2 — > HH*(A, A) 

is the cup product of HH*(A, A). Therefore, by combining the diagrams (5.1) and 
(5.2), we have the result. □ 

Remark 5.4. Suppose that A is a Poincare duality algebra of dimension d with 
trivial differential. Then the torsion functor Tor j4 g ) 2 (A, A) and the Hochschild co- 
homology H*(A,A) are bigraded modules. Under the bigrading, the Hochschild 
cohomology H*(A, A) is a bigraded algebra with respect to the cup product. 

Since the shriek map A ! is of bidegree (0,(2), it follows that Dip is a map of 



bidegree (0,(2). Moreover, we see that the isomorphism £ 
HH*'*(A,A) is of bidegree (0, -d). 



Tor*>UA,Ay 



Proof of Theorem I5.il Let M be a Poincare duality space of dimension d. Let 
{£"*'*, d r } denote the spectral sequence described in Theorem 12.81 Then we define 
a spectral sequence {E*'*, d r } by 

The decreasing filtration {F p H* (LM)} p <q of H* (LM) induces the decreasing filtra- 
tion {FPH*{LM)} p >o oiH*(LM) defined by F P H* (LM) = (H* (LM) / F~ p H* (LM)) X 
By definition, the Chas-Sullivan loop homology (LM) is given by H_( p+9 j (LM) = 
(H*(LM) v )P + i~ d . We observe that the product m on H* (LM) is defined by 

m(a ®b) = (-l) d ^ a \- d \Dl P y (a ® b) 

for a (g) b e (H*(LM) y )* ® (H*(LM) V )*; see Lemma [TXH1 Then we see that 

EMSFff p+ ,_ d (LM)/F+ 1 E p+g _ d (LM) = Fi_ (?+?) (LM)/F+ 1 H_ (y+9) (LM). 

The composite (Dip) in Theorem 12.31 which gives rise to Dip on H * (LM) pre- 
serves the filtration of the EMSS {Ep*,d r }. As mentioned in the proof of Theorem 

I2.8| the map (Dip) induces the morphism (Dlp) r : E*>* ->■ Ep* ® Ep* of spectral 
sequences of bidegree (0, d). Define m r : E*-* <g) E*'* Ep* by 

m r (a g) 6) = (-l) d ^ +d \(Dlp) r ) v (a ® 6), 



DERIVED STRING TOPOLOGY 



23 



where \a\ = p + q if a G (Ep*^) p '' q . Then a straightforward computation enables us 
to deduce that m r o (d^ (g> ±1 ® d^) = om r for any r. It turns out that {E r , d^} 
is a spectral sequence converging to H_,(LM) as an algebra. 

In order to show the latter half of Theorem l5.1[ it suffices to prove that the map 
TO2 is compatible with the cup products on HH*'*(A,A) under an appropriate 
isomorphism. 

Let A denote the cohomology H* (M) . The map ( in Theorem 15.31 induces an 
isomorphism 

^ q+d = (£- p '-«) v £* (Tor A p >- q (A,A)) v 

= (Toi*/(A,Ay) p ' q HH p ' q+d (A,A). 

We observe that the shriek map A ! : H*(M) -> H*(M x M) sends the dual [A/] v 
to the fundamental class of M to the dual [M x M] v to that of M x M while the 
map A ! : A -> A <g> A defined after Definition E2 sends [A/] v to (-l) d [M] v <g> [M] v . 
This yields that the map (Dlp)2 on coincides with Dip a up to multiplication 
by (— l) d ; see the proof of [T^J Lemma]. Then it follows from Theorem 15.31 that the 
map (— l) d ( induces an isomorphism from HH*'*(A, A) to E^* of bigraded algebras. 
Observe that the isomorphism (-l) d C = HH*<*(A,A) -)• (Tor^®2 [A, A) v )*'*~ d = 
E^'* is of bidegree (0, 0). We have the result. □ 

Remark 5.5. For the EMSS {E*<*, d r } described in Theorem^ we see that E™ = 
if q < —2p since M is simply-connected. This implies that Ef, ,q = if q > —2p+d. 

6. Associativity of the loop product on a Poincare duality space 

In this short section, by applying the same argument as in the proof of [461 
Theorem 2.2], we shall prove the associativity of the loop products. 

Proof of Proposition \2.7\ We prove the proposition in the case where N = M. 
The same argument as in the proof permits us to conclude that the loop homology 
H»(LjvM) is associative with respect to the relative loop products. 

Let M be a simply-connected Gorenstein space of dimension d. In order to prove 
the associativity of the dual to Dip, we first consider the diagram 

LM x LM < OT " pXl (LM x M LM) x LM qXl > LM x LM x LM 
LM x M LA^°-^—^LM x M LM x M LM -^X- LM x (LM x M LM) 

Comp^ MComp ^ lx Coinp 

LM LM x M LM LM x LM, 

Comp Q 

for which the lower left hand-side square is homotopy commutative and other three 
square are strictly commutative. Consider the corresponding diagram 

H (LM x LM) —^ H*((LM x M LM) x LM) > H*(LM x LM x LM) 
H* (LM x M LM) >■ H*(LM x M LM x M Ll^f^—^a* (LM x (LM x M LM)) 

(Compx M l)" . . 

Comp'J (lx M Comp)*J t(lxComp)* 

H* (LM) H* (LM x M LM) H*(LM x LM). 

Comp* H(q') 
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The lower left square commutes obviously. By Theorem II 1.5| the upper left square 
and the lower right square are commutative. We now show that the upper right 
square commutes. 

By Theorem HOI we see that H((q x 1) ! ) = aH(q) ® 1 and H{{1 x q)') = a'l ® 
H(q ) where a and a 1 G K*. By virtue of pEJ Theorem C], in D(Mod-C*(LAf x3 )), 

e'(A x 1) ! o A ! = e(l x A) ! o A ! 

where (e, e') /(0,0)6lx K. Therefore the uniqueness of the shriek map implies 
that 

e'(q x 1) ! o (1 x M q)' = e(l x q)' o (q x M 1) ! 

in D(Mod-C*(LM x3 )); see [HI Theorem 13]. 
So finally, we have proved that 

e'a(Dlp ® 1) o Dip = ea'(l ® Dip) o Dip. 

Suppose that M is a Poincare duality space of dimension d. By part (2) of 
Theorem lll.6l a = 1 and a' = (— l) d . Since e(% x ljm x cjm) = eH((A x 1) ! ) o 
iJ(A ! )(wM) = s'H((l x A) ! ) o/f (A ! )(cjm) = s'i^M x w Af x ^m), we see that e = e' . 
Therefore {Dlp®l)oDlp = (-l) d (l<Z>Dlp)oDlp. Thus Lemma HOT i) below yields 
that the product m : H*(iM) ® I»(IM) -> i t (IM) is associative. 

We prove that the loop product is graded commutative. Consider the commu- 
tative diagram 



LM x M LM 



LM x LM 



LM x M LM 




M x M. 



By Theorem HOI below. H(q ) oT* = eT* o H(q ). Since Comp o T is homotopic 
to Comp, Dip = eT* o Dip. If M is a Poincare duality space with orientation class 
w M G H d (M) then T*(w M ® w M ) = (-l) d (w M ® ojj\,f). Therefore by part a) of 
Remark 111.41 e = (— l) d . By Lemma 111. 8f ii) below, we see that the product m is 
graded commutative. The fact that i,(LM) is unital follows form Proposition l8.5l 
This completes the proof. □ 

Remark 6.1. The commutativity of the loop homology H*(LjvM) does not follow 
from the proof of Proposition ^. 71 In general CompoT is not homotopic to Comp in 
LpjM. As mentioned in the Introduction, the relative loop product is not necessarily 
commutative; see |4"2"1. 



7. The EMSS calculations of the loop homology 

By making use of the spectral sequence in Theorem 15.11 and the computation of 
the Hochschild cohomology of a graded commutative algebra, we may determine 
the loop cohomology of a Poincare duality space. 

The spectral sequence {E*'*, d r } in Theorem l5.ll is constructed by dualizing the 
EMSS {E r ,d r } converging to H*(LM). Therefore it is immediate that the EMSS 
{Ep* i d r } collapses at the E 2 - term if and only if so does the EMSS {Ep*,d r }. We 
thus establish the following theorem. 
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Theorem 7.1. Let M be a simply- connected WL-Gorenstein space of positive di- 
mension whose cohomology with coefficients in K is generated by a single element 
of even degree. Then as an algebra, 

H_„(LAf ; K) £ HH*(H*(M;K),H*(M;K)). 

Remark 7.2. Suppose that M is a simply-connected space whose cohomology with 
coefficients in a field IK is a finitely generated polynomial algebra, say H*(M) = 
K[xi, ...,x n }. Let H»(iM) denote the shifted homology H*_d(LM), where d = 
— X^ILi (deg^ — 1). Observe that M is a Gorenstein space of dimension d as seen 
in Remark 17.31 below. We have 



H»(LAf;]K) v = HH*{H*(M),H*(M)) 

as a graded vector space. In fact, by using the Eilenberg-Moore spectral sequence 
converging to H*(LM) with E*'* = Tor H * (M)8ff . (M) (#*(M), H*(M)), we see that 

(H»(LM)) V = (H,- d (LM)y = H*- d (LM)) = (K[xi, x n ] ® A(«i, u„))*- d 

as graded vector spaces, where degu^ = dega;^ — 1. Moreover, it follows from [25[ 
Theorem 1.1] that 

HH*(H*(M),H*(M)) £ HH*(C*(M),C*(M)) ^K[ Xl , ...,x n ] ® A(uJ,. ...,<) 
as algebras, where degit* = — (degZj — 1). We define a map 
7? : HH*{H*(M),H*(M)) -> H*~ d (LM) 

by 

where Uj means deletion of the element Uj from the representation. Then it is 
readily seen that 77 is an isomorphism of graded vector spaces. See [38, Section 9] 
for such an isomorphism in more general setting. 



Remark 7.3. Let M be the same space as in Remark [7.2l Then M is a K-Gorenstein 
space of dimension d = — Y^=i (deg Xi — 1) . In fact, since M is a K-formal, it follows 
that 

Ext^ (M) (K,C*(M)) = Ext^ (M) (K,ff*(M)) 

- (®? =1 Ext* K[xi] (K,K[ Xi })y = { fftirf. 

The result [T3J Theorem 6.10] allows us to obtain the first isomorphism. The proof 
of [TQl (4.6)] gives us the second one. 
We can choose a shriek map 

A ! 6Ex4, (Mx2) (C*(M),C*(Af x2 )) =Ex4, (Mx2) (C*(M 7 ),C*(MX 2 )) = H°(M) 

so that H(A') is the integration along the fibre of the fibration QM — > M 1 —> 
M x2 . Thus H*(.LM) V £ H*~ d (LM) is endowed with Dlcop the dual to the loop 
coproduct defined in the Section 1. From Remark 1 7. 21 one might expect that, as an 
algebra, H»(LAf) v is isomorphic to HH*(H*(M),H*(M)). The consideration of 
such an isomorphism is one of main topics in |26] . We also mention that the dual 
to the loop product on W*(LM) V is trivial; see [26] for more details. 
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As seen in Remark l7.3[ a simply-connected space M is a K-Gorenstein space of 
negative degree if the cohomology H * (M; K) is a polynomial algebra. Then in order 
to prove Theorem l7.1[ it suffices to consider the case where H*(M; K) is a truncated 
polynomial algebra. Let {£;•*, d r } be the EMSS converging to H_*(ZM;K). We 
first observe the following fact. 

Lemma 7.4. Suppose that H*(M;WL) is a truncated polynomial algebra generated 
by a single element. Then the EMSS {¥,*•*, d r } collapses at the E^-term. 

Proof. The proof of 28, Theorem 2.2] implies that the EMSS {E r , d r } collapses at 
the i?2-term and hence so does {E*'*,d r }; see also [28, Remark 2.6]. □ 

We are left to compute the i?2-term and to solve all extension problems on E^* . 

Let K be an arbitrary field and A a truncated polynomial algebra of the form 
K[x]/(x n+1 ), where \x\ = 2m. 

We recall here the calculations of the Hochschild cohomology ring of A due to 
Yang 47] . In what follows, let ch(K) stand for the characteristic of a field K. 

Theorem 7.5 ([33 Theorems 4.6 , 4.7 and 4.8]). (i) If n + 1 ^0 modulo ch(K), 
then 

HH*(A; A) = K[x, u, t]/(x n+1 ,u 2 ,x n t, ux n ) 

as a graded algebra, where \x\ = 2m, \u\ = 1 and \t\ — —2m(n + I) + 2. 

(ii) 7/ch(K) 2 and n + 1 = modulo ch(K), then 

HH*(A; A) = K[x, v, t]/(x n+ \v 2 ) 

as a graded algebra, where \x\ = 2m, \v\ = —2m + I and \t\ — —2m(n + I) + 2. 

(iii) If ch(K) = 2 and n is odd, then 

HH*(A;A) =K[x,v,t]/(x n+1 ,v 2 — tx n ~ l ) 

as a graded algebra, where \x\ — 2m, \v\ = —2m + 1 and \t\ = —2m(n + 1) + 2. 
Especially, when n = 1, as a graded algebra, 

HH*(A; A) = K[x, v, t]/{x 2 ,v 2 -i) = A(x) ® K[v}. 

Remark 7.6. In view of the 2-periodic resolution used in the proof of |47l Main 
Theorem], we see that bideg x — (0, 2m), bideg u — (I, 0), bideg v — (1, —2m) and 
bideg t = (2, — 2m(n + I)) for the generators x, u, v and t in HH*(A; A); see [33 
Proposition 3.1] and the proofs of [33 Proposition 3.6] and [47[ Theorem 4.7] for 
more details. 

Let M be a simply-connected Poincare duality space whose cohomology with 
coefficients in K is isomorphic to A as an algebra. 

Theorem 7.7. If n+1 ^ modulo ch(K), then 

H* (LM ; K) = K[x,u,t}/(x n+ \u 2 ,x n t,ux n ) 

as a graded algebra, where \x\ = —2m, \u\ = —1 and \t\ = 2m(n+ 1) — 2. 

Proof. By virtue of Theorem I7.5( i) , we have 

E* 2 '* S K[x, u, t]/(x n+1 , u 2 , x n t, ux n ) 
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as a bigraded algebra, where bideg x — (0,2m), bideg u = (1,0) and bideg t — 
(2, ~2m(n + 1)); see Remark 17.61 and Figure (7.1) below. Lemma T7.4I implies that, 
as bigraded algebras 

E P, q ^ EP j s &MH ,(iM) = Fm Hp+q) (LM)/FP +1 U_ {p+q) (LM). 

In order to solve extension problems, we verify that the following equalities hold 
in H_*(LM; K): 

(1) rr™ +1 = 0, 

(2) U 2 = 0, 

(3) x n u = Q, 

(4) = 0. 

Since there exists no non-zero element in Ej' 9 for p > 1 and p + q — 2m(n + 1), it 
is readily seen that the equality (1) holds. We next verify that (2) holds. Suppose 
that u 2 = OiijkX l uH k ^ for ay/. G K, i < n + 1 and j — 0, 1. Since the total 
degrees of u 2 , x l and t k are even, it follows that j — and hence u 2 = J2 otMkX l t k . 
We have 

• 2 = 2mi + (-2m(n + 1) + 2)fc, 

• 2fe > 3 

On the other hand, these deduce that 

= 2mi - 2mk(n + 1) + 2k - 2 
< 2m(n + 1) - 2mk(n + 1) + 2k - 2 = 2(m(n + 1) - 1)(1 - k) < 0, 

which is a contradiction. Thus the equality (2) holds. We see that (3) holds as 
well. In fact, suppose that x n u = a.ijkX t uH k ^ for a £ K and i < n + 1. For 
the same reason as above, we have j = 1; that is, a;"u = ^ ankX t ut k . This implies 
that 

• 2mn + 1 = 2mi + 1 + (-2m(n + 1) + 2)fe, 

• 1 + 2fc > 2. 

However these deduce that 

= 2mi + 1 + (-2m(n + 1) + 2)fc - 2mn 
< 2m(n + 1) + 1 + ( — 2m(n + 1) + 2)k — 2mn 
= 2m(l -k) + 2k(\ - mn) < 0. 

We thus obtain the equality (3). In order to verify that the equality (4) holds, we 
assume that x n t = <^ijkX' l uH k ^ for on^k € K and i < n + 1. It is readily seen 
that j = for dimensional reasons. This enables us to deduce that 

• 2mn - 2m(n + 1) + 2 = 2rni + (-2m(n + 1) + 2)fc, 

• 2fe > 3. 

Since the natural number k is greater than or equal to 2, it follows that 

= 2mi - 2mk(n + 1) + 2k - 2mn + 2m(n + 1) - 2 
< 2m(n + 1) - 2mk(n + 1) + 2k - 2mn + 2m(n + 1) - 2 
= 2(1 - k)(mn - 1) + 2(2 - k)m < 0, 

which is a contradiction. Thus the equality (4) holds. This completes the proof. □ 



28 



KATSUHIKO KURIBAYASHI, LUC MENICHI AND TAKAHITO NAITO 



(7.1) 



x 

„n-l 



X 

X li 



• XU 

■ • u — 



•x" 



t 



Theorem 7.8. If n + 1 = modulo ch(K), n + 1 > 3 and ch(K) ^ 2, then 

H*(LM; K) = K[x, v, t]/(x n+1 , v 2 ) 

as a graded algebra, where \x\ = —2m, \v\ = 2m — 1 and \t\ = 2m(n + 1) — 2. 

Proof. In view of Theorem l7.5f ii) . we have E2'* = K[x, v, t]/(x n+1 , v 2 ) as a bigraded 
algebra, where bideg x = (0, 2m), bideg v = (1, —2m) and bideg t = (2, —2m(n + 
1)); see Figure (7.2) below. Lemma \7A\ yields that, as bigraded algebras 



jpj s G rP,i M ^ LM ) ^ FPW_ {p+q) (LM)/FP +1 W_ {p+q) (LM). 

We verify that the following equalities hold in H_*(LM; K): 

(1) x n+1 = 0, 

(2) v 2 = 0. 

By the same argument as in the proof of Theorem 17.91 it is readily seen that the 
equality (1) holds. Suppose that v 2 = J2 a ijkX l vH k ^ for atijk £ K, i < n + 1 and 
j = 0, 1. Since the total degrees of v 2 , x l and t h are even, we see that j = and 
hence = ^^iofea: 1 ^- Thus an argument on the total degree and the filtration 
degree deduces that 

• 2 - 4m = 2mi + (-2m(n + 1) + 2)fc, 

• 2fc > 3. 

Then we conclude that 

= 2mi + (-2m(n + 1) + 2)k - 2 + 4m 

< 2m(n + 1) + (-2m(n + 1) + 2)fc - 2 + 4m 
= -2(m(n + 1) - l)(fc - 1) + 4rn 

< -2(3m- l)(fc - l) + 4m 

< -2(3rn - 1) + 4m = -2m + 2 < 0, 

which is a contradiction. This completes the proof. □ 
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(7.2) 



1 

x n ± 

n-l 



X 
X 



• XV 



• XV ■ 

• V 



•x n t 



We next consider the case where ch(IK) = 2. 
Theorem 7.9. If n is odd, ch(K) = 2 and n + 1 > 3, then 



„{LM;K) ^K[x,v,t]/(x 



n+l v 2 



as a graded algebra, where \x\ = —2m, \v\ = 2m — 1 and \t\ — 2m(n + 1) — 2. 

Proof. The same argument as in the proof of Theorem 17.81 allows us to obtain the 
result. □ 

By considering the case where n = 1 and ch(K) = 2, namely the cohomology is 
an exterior algebra, we have Theorem 17. II 

Suppose that H*(M;K) is an exterior algebra generated by a single element. 
For dimensional reasons, we see that the EMSS converging {Kp*,d r } to the loop 
homology H_»(LM;K) collapses at the E^-term and that there is no extension 
problem on the ^oo-term. We then establish the following result. 

Theorem 7.10. Let M be a simply- connected space and IK an arbitrary field. As- 
sume that H*(M;'K) = A(x), where \x\ = m. Then 

H*(£M ; K) A(x) (g> K[v] 

as a graded algebra, where \x\ = —m and \v\ =m—l. 



Proof of Theorem \71\ By virtue of Theorems [7771 [7751 O and [77IU1 we have the 
result. □ 



Remark 7.11. We are aware that Theorems 17.71 [7751 17.91 and 17. 101 recover the com- 
putations of the loop homology of spheres and complex projective spaces due to 
Cohen, Jones and Yan [S] when the coefficients of the homology are in a field. 

8. A METHOD FOR SOLVING EXTENSION PROBLEMS ON THE EMSS FOR THE 

LOOP HOMOLOGY 

In this section, we give a method for solving extension problems which appear 
in the first line E^* of the EMSS converging to the loop homology of a Poincare 
duality space. 
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Let evo ■ LM —> M be the evaluation fibration over a simply-connected K- 
Gorenstein space M of dimension d. Let s : M — > LM be the section of evo 
defined by s(x) = c x , where c x denotes the constant loop at x. We recall that the 
shifted homology H*(M) := H* + d{M) is a commutative algebra with respect to 
the intersection pairing m defined by 

m(a ® b) = (-l) d(|a|+d) (A ! ) v (a ® 6). 

Proposition 8.1. The induced map s* : H*(Af) — > i,(iM) is a morphism of 
algebras. 

We prove Proposition 18.11 after describing our main theorem (Theorem 18. 2j) in 
this section. 

Let {Ep*,d r } be the EMSS converging to the loop homology H*(LM), which is 
described in Theorem l5.ll The following theorem is reliable when solving extension 
problems on the first line Ej^*. 

Theorem 8.2. Let M be a simply- connected Poincae duality space of dimension 
d. Then (i) there exists a first quadrant spectral sequence {E*'*,d r } converging to 
the shifted homology H_*(M) as an algebra such that E°'* = H*(M) as an algebra 
and Ej>* = for i > 0. 

(ii) There exists a morphism of spectral sequences 

{Sr*}:{K>*,dr}^{E* r '*,d r } 

such that (a) each s r * is a morphism of bigraded algebras, (b) the diagram 

E°<* ^ E°'* 

H*(M) 

H* (Hom fl , (M) (H* (M) , H* (M)) ——^HH°'*(H* (M) , H* (M) ) 

Z5 commutative, where H*(M) E°'* and E*'* = H H* (H* (M) , H* (M)) are the 
isomorphisms in (i) and m Theorem \5.1[ respectively and 
(c) i/ie map Soo, coincides with the composite 



E^* S H_*(M) ^> J F°H_,( J LM)/F 1 H_ >t (iAf) S E°-* 



Remark 8.3. The injective map : H*{M) — > H*{LM) factors through the edge 
homomorphism of the EMSS {i?*'*,d r } converging to the cohomology H*(LM). 
Observe that the evaluation fibration p = ev : LM — > M has a section. Thus we 
see that all the elements in the line E 2 '* survive to the _Boo-term. This implies that 
the elements in E 2 '* are permanent cycles. 



Remark 8.4. The relative versions of Proposition l8.1l and Theorem 18 . 2 1 remain valid; 
that is, the spaces M and LM can be replaced with N and L^M, respectively in 
the statements. Observe that in the relative version, E^* = HH*(H*(M), H*(N)) 
as an algebra. This follows from the proofs mentioned below. 
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Before proving Proposition 18.11 and Theorem 18. 2\ we consider the following dia- 
grams 



.1 



M x M ■ 



■M x M 




M x M 



i.2) 



M : 



LM x M LM 



Comp 



Comp 




M ■ 



v L 


M ■ 

^ 


— ^ A 


5- A 

« P13 / 








/ ^M> 


\ ^ 





■ M 



where t(x) = (c x , c x ). Observe that all squares in the diagrams are commutative. 

Proof of Provosition [KT\ The commutativity of the left hand-side cube in (8.1) and 
Theorem 111.51 below enable us to deduce that H(A l ) o t* — (s x s)* o H(q ). By 
the commutativity of the left-hand side cube in (8.2), we see that t* o Comp* = s* 
and hence H (A ! ) o s* = (s x s)*H(q l ) o Comp* . This implies that the induced map 
s* : H*(M) — > H,(£M) is a morphism of algebras. □ 

Proof of Theorem \8.S\ The commutative diagrams (8.1) and (8.2) induce a com- 
mutative diagram 

(8-3) 

,(C*(M),C*(M')) 
for p , a (l,c*) 
7 , (M3) (C*(M),C*(M' XmM 1 )) 

**) 

H* (LM) ^Tot%,,^AC*(M),C*(M)) = To r „,(i,5*) 

omp* | 



H*(M) 



W*(A ! ) 




T ° r C*(M2)V 



(M4) (C*(M),C*(M J xM^)) 



S?c» (A 2 ) (l,C*( S 2 )) 



^ (m2) (C*(M),C7*(M 2 )) 



(s *)®2 

H*(M)® 2 



H*{LMY 





Tori(A ! ,l) 


EM 





To ri (A ! ,l) 



' Tor C*(M2) 



(C*(M 2 ),C*(M 2 )). 



■Tbr*, (M4) (C*(M 2 ),C*(Af J x M )) 
rSvl7 A2) (i,c*( s 2 )) 
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The composite of the right hand-side vertical arrows in the big back square is the 
torsion functor description of Dip in the proof of Theorem 12. 3( see the diagram 
(3.3). 

The Eilenberg-Moore map Tot c *(m)(C*(M),C*(M)) 4 H*{M) enables us to 
construct the EMSS converging to H*(M). Dualizing the EMSS, we have a spectral 
sequence {Ep*,d r } converging to H*(M). It is immediate that E*'* = for i > 0. 
The front cube (8.2) induces the top square in (8.3), which is commutative, and 
hence we obtain a morphism of spectral sequences {s r *} : {E*'*,d r } — > {E*'*,d,.}. 
Moreover by the commutativity of the diagram (8.3), we see that {s r *} satisfies the 
conditions (ii) (a) and (ii) (c) . In fact, the dual to the composite a := Tori (A', 1) o 
TorA*(l, A*)^ 1 gives rise to the product on each stage E*'*. 

Let A denote the cohomology H*(M). In order to prove that S2* satisfies (ii)(b), 
we consider a commutative diagram 



(8.4) 



(Tor A ®2(A,A) v ) 



V\* — d 



Tor TO (l,l) v 



(Tov A (A,Ayy 



Rom K (H d -*{A (g) A ®2 B),K^- 
H*- d (Uom K (A ® A ®2 B, K)> 



om(_ff(l(gi£),l) 



H*- d {Rom A m(M,A v )) 
9 A »\ 

H*{Rom A m(^,A)) 



HH*{A,A) 



ff(Hom(l®e,l)) 



H(Hom(e,l)) 



ff(Hom(e,l)) 



Bom K (H d -*(A ® A A),K) 
H*- d (Rom K (A ® A A, K)) 
- H*- d (Rom A (A, A v )) 
H*(Hom A (A,A)) 



ff(Hom(e,l)) 



Observe that the composite of the left hand-side vertical arrows is nothing but the 
isomorphism £ in Theorem l5.3l Thus we obtain the commutative diagram in (ii)(b). 



We arc left to prove that E!]'* = H*(M) as an algebra. Let £ be the composite of 
the right hand-side vertical arrows in (8.4). Consider the following diagram 



(8.5) 



■>I0'I) 



HH*(A,A)®HH*(A, A) 
c®c|= 

Ebr A8a (A, A) v ig) Tor4« 2 (A, A) y Tor A ® 2 (A, A) y 

Tor A (A, AY ®Tor A (A,A) v 
A® A 





in which squares are commutative except for the lower one, where r\ = Hom(e, 1) : 
A = H*(Hom A (A, A)) ->• HH*(A,A), £ = Tor m (l,l) v and fi denotes the dual to 
the map induced by the composite a mentioned above. The map Tor m (l, 1) is an 
epimorphism and hence £ is a monomorphism. By using the commutativity of the 
diagram (8.5), we see that the lower square is also commutative. This completes 
the proof. □ 
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With the aid of the spectral sequence in Theorem l2.1H we show that the relative 
loop homology of a Poincare duality space is unital. 

Proposition 8.5. Let N be a simply- connected Poincare duality space of dimension 
d. Then the loop homology H*(LjvM) is unital. 

Proof. In the rational case, the result follows from Theorem 12.171 see also [TBI 
Theorem 1]. We assume that the characteristic of the underlying field is positive. 

Let 1 n stand for the unit of the intersection homology H* (N) , namely the fun- 
damental class of N. Let s* : H»(AT) — > H„(Ljv-A/) be the algebra map mentioned 
in Proposition 18. II We put I = s*(1jv)- Then it is immediate that 1-1 = 1. 

Recall the right half-plane spectral sequence {E*'*,d r } described in Theorem 
12.111 It follows from Remark 18.31 that the unit 1 in the bigraded algebra E2'* = 
HH*>*(H*(M), H*(N)) is a permanent cycle. Observe that the Hochschild coho- 
mology is unital; see (5.1). In view of Theorem 18.21 (ii) (b) and (c), we can choose I 
as a representative of the unit. In fact the diagram (8.4) enables us to deduce that 
S2* sends the fundamental class to the unit 1 in E 2 ' up to isomorphism. 

Let {F p } p >q be the filtration of the loop homolog H*(LjvM) which the spectral 
sequence {Ep*,d r } provides. Then we see that (F p )" = for p > dimiV — n; see 
Remark 15.51 This yields that I - a = a for any a in (F p ) n with p = dimiV — n. 
Suppose that I • Q — Q for any Q £ (F >s ) n . Let a be an element in (F s ) n . Since 
I • a = a in E^*, it follows that I • a = a + R for some R in (F s + 1 )™ and hence 

I • a = (I • I) • a = I ■ (I • a) = I ■ a + R = a + 2R. 

Iterating the multiplication by I, we see that I-a — a+ch(¥L)R — a. This completes 
the proof. □ 

We now give an application of Theorem 18.21 

Theorem 8.6. Let M be the Stiefel manifold SO(m + n)/SO(n). Suppose that 
to < min{4, n}. Then 

H»(LM;Z/2) = A(x n ,x n+1 , ...,x n+m -i) <g> Z/2[i>*, v* +l , f* +m _i] 

as an algebra, where dega^i = —i and degz^* = — (1 — j). 

We mention that Chataur and Le Borgne [5] have determined the loop homology 
of SO(2 + n)/SO(n) with coefficients in Z by using enriched Leray-Serre and Morse 
spectral sequences with the loop product; see Section 2] and [31] Theorem 2]. 

Proof of Theorem\EM Consider the EMSS {Ep*, d r } converging to H,(IM). Since 
to < n, it follows that H*(M;Z/2) = A(x n , x n +i, ...,x n + m -i) as an algebra. More- 
over, the condition that m < 4 and the proof of [24] Corollary 5 (1)] imply that 
{E*'*,^} collapses at the i?2-term; see also [Ml Proposition 1.7 (2)] and the proof 
of [MJ Theorem 4]. By virtue of [551 Proposition 2.4], we see that as a bigraded 
algebra, 

E *oo - A{x n ,x n+1 ,...,x n+m ^ 1 ) ®Z/2[v*,i>* +1 ,..,,L>* +m _ 1 \, 

where bideg n = (0,i) and bideg v* = (1, —%). 

We solve the extension problems in the -Eoo-term. Recall the spectral sequences 
and the morphism {s r *} of spectral sequences in Theorem 18.21 It follows from 
Theorem BOOiXb) and (c) that for the induced map s* : H»(M) ->■ H»(£M), 
s*(xi) = Xi for any l<i<n + m— 1. Observe that s* is a morphism of algebras; 
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see Proposition 18.11 It turns out that x\ = in H*(LM) for any i. We have the 
result. □ 

Remark 8.7. Let X be a simply-connected space whose mod p cohomology is an 
exterior algebra, say H*(X;Z/p) = A(j/i, yi). Suppose that either of the follow- 
ing conditions (I) and (II) holds. 

(I) X is an H-space and degyi is odd for any i. 

(II) Sq 1 =0 if p = 2. 

Then the same argument as in the proof of Theorem 18.61 enables us to conclude 
that 

M*(LX) A(yi,y 2 , yi) ® Z/p[vi,i$, vf] 
as an algebra, where deg yj = — deg yj and degv* — degyj — 1. 
A more general result will appear in [27 . 

9. Naturality and computations in the relative case 

Let Poincarejv/ be the category of simply-connected based Poincare duality 
spaces over M and based maps; that is, a morphism from a.\ : N\ — > M to «2 : 
N2 — > M is a based map / : N% — > N2 with ai — cx-x o /. Let Top^ be the 
category of simply-connected spaces under N. We denote by GradedAlg^ and 
GradedAlg" 4 the categories of unital graded algebras over an algebra A and of 
those under A, respectively. Assume that TV is a simply-connected Poincare duality 
spaces. Then the loop homology H*(L/M) := H*+dim s(j){L / M) comes with the 
loop product, where s(/) = N; see Remark 12.61 In consequence, our consideration 
in this paper permits us to deduce the following remarkable theorem. 

Theorem 9.1. (1) The loop homology gives rise to functors 

H*(L?M) := H* +dims{?) (L ? M) : Poincare^ -)• GradedAlg H (nM) 

and 

M*(L N ?) := H* +dimN (L N ?) : Topf -> GradedAlg H * (Ar) . 

Suppose further that M is a simply- connected Poincare duality space. Then one 
has a functor 

H*(L ? Af) : Poincare^ -> GradedAlgM^l ■ 

Here GradedAlg 1 ^* denotes the category of unital graded algebras over the 

algebra H*{£lM) with the Pontrjagin product and under the loop homology H,(iM). 

(2) The multiplicative spectral sequence in Theorem \2.11\ converging to the rela- 
tive loop homology is natural with respect to morphisms in PoincareM and Topj ; 
that is, for any morphism p in Poincarejv/ or Topj , there exists a multiplicative 
morphism of the spectral sequences such that the map between the associated bi- 
graded algebras, which H*(Ljv?)(p) or H*(i?iVf ){p) gives rise to, coincides with the 
map on the E^-terms up to isomorphism. 

If A is a closed oriented smooth manifold, part 1) follows easily from [115J The- 
orem 8, see also Corollary 9 and Proposition 10]. Using Theorem 4], it is easy 
to extend Theorem 8 of [19] to Poincare duality space. Therefore 1) can be proved 
easily. But in order to prove part 2), we need to interpret 1) in term of differential 
torsion product (See the proof of Propositions 19.21 and 19.4(1 . 
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For a map / : N —> M between simply-connected Poincare duality spaces, 
Theorem 19.11 enables one to obtain algebra maps 



,(L N N) 



H,(L N ?)(/) 



*(L N M) 



I»(Z 7 M)(/) 



<(L M M). 



These maps provide tools to overcome the difficulty arising from the lack of functo- 
riality in the loop homology. For example, if / is a smooth orientation preserving 
homotopy equivalence between manifolds, in 19, Proposition 23], Gruher and Sal- 
vatore showed that these two algebras maps are isomorphisms and that their com- 
posite coincides with H*(L/) : H.*(LN) — > H*(IM). Here we give a computational 
example by using functors H*(Lat?) and H*(L?M). 

In order to prove Thcorcm l9.ll we give a correspondence of morphisms between 
the categories Poincare^ and Graded Alg H ^ M -) . We will describe the proof in 
terms of the derived tensor products - ® L -. 

Let M be a space and Ni, N2 Poincare duality spaces of dimension d\ and d,2, 
respectively. For a morphism 



M 

in Poincare m, we have a commutative diagram 

LM — 



L ai M 




M 1 

(ev ,evi) 

M x M 



for which back squares are pull-back diagrams. The singular cochain algebra C*(A^) 
is considered C*(M 2 )-module structure via the map a* A*. By Theorem 12.11 we 
obtain a right C*(M 2 )-module map 

f : Bi — > B 2 

with degree di — d\- Here Bi is a right C*(Af 2 )-semifree resolution of C*(Ni). Then, 
we define a map F' : H* (L Ql M) —> H* (L a2 M) to be the composite 



H*(L ai M) ff(Bi ® C , (M 2) F) 

H*(M 2 ®c>{m*)F) 



EM 



H*(L a2 M), 



where e : F — > C*{M ! ) is a left C*(M 2 )-semifree resolution of C^M 7 ). 
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Proposition 9.2. (i) The shriek map of F : L ai M — > L a2 M is compatible with 
the dual loop product, that is, the following diagram is commutative 



H*(L ai M) 
di p\ 



f' 



H*(L a2 M) 
\di p 



H*(L a M) ® H*(L a M) — — » H*{L a M) ® H*(L a M). 
(ii) The square 

(Tov H -^ M2) (H*(N 2 ),H*(M))y { ^^HH*(H*(M),H*(N 2 )) 



(-l)"i("2-'»l)'Itor 1 (H(/ , ),l) v | 



I 



HH(l,f) 



(Tor H . (MS) (ff * (ATi ) , ff* (M) ) ) v ( -^- e i7 if * (ff * (M ) , H* {Nj. ) ) 
is commutative. 

Proof, (i) By a relative version of Theorem 12. 31 we see that the composite 



C*(^)®c»(ms)C*(M') 



C*(JVi) ^. (M3) C*(M / x M M J ) 
C*(JVj)®^. (M4) C*(M I xM J ) 

|a ! <»1 

|EZ v ® Ez vEZ v 

(C.(tfi)® 2 ) v ® {c , { M^y (C*(Af')® 2 ) v 

(C*(7V 4 ) ®^ (M2) C*(A/'))» 2 C**^) 82 ^ (M 2)«2 C*(M 7 )® 2 

induces the dual loop product of H * (L ai M) . Since the morphism / ! is in D (Mod-C* (M) ) , 
it follows that f is considered a morphism in D(Mod-C*(M 8 )) via p* 3 and for 
i — 3,4. This enables us to obtain a homotopy commutative diagram 



(9.1) C*(m) ^, (M2) C*(M') ^i. 



Pl3®P* 13 C 



C*(N 2 )^, iM2) C*(M I ) 



C*(JVi) ®^ (M3) C*(M J x M M 1 ) -^i C*(7V 2 ) ®fc. (MS) C*(M J x M M 7 ) 



C*(JVi) ®^. (M 4) C*{M ! x M J ) f8 S C*(7V 2 ) ®^ (M4) C*(M' x A/ 7 ) 



A-®1 



C*{Nf) ®% {Mi) C*{M l x A/ 7 ) ( l^C*(Ni) ®^ (m4) c-. (M / x M /) 



A-<g>l 
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The fact that A ! / ! is homotopic to (/ x /) ! A ! deduces the commutativity of the 
bottom square of the diagram (9.1). By Theorem 111.61 (1) and (2), we see that 
there is a (C*(M)® 2 ) v -module map h such that the diagrams 

C*(N?) ®^ (m4) C'iM 1 x M 1 ) (/X/) m ^ C*(JVf ) 4 (M4) C*(M j x M 1 ) 



EZ v ®„ 7 v EZ V 



I 



EZ V «„, V EZ V 



(C*(Ni)® 2 Y »(c,(M=)®=)V (C,(M / )® 2 ) V _^5L^ ,r< , v > 2, „■.,-,,', ^ 



t 



■ (c.(jv a )»T ®^. (M , )83) v (c.(mtt 

|©®e© 



C^iVi)® 2 ^, (M) »2 C*(M^® 2 



C*(iV 2 )® 2 ®*. {M)0a C*{M>r 2 



(-l) dl(d2 " dl) (/ l ®/ ! )iS>(l®l) 

(C*(iVr) ® L C , (M2) c'(M0)^ ( _ i)di(d2 _ di)(/!8i) . 2 (C*(iV 2 ) ®J;. (Af2) C^M'))* 2 

are homotopy commutative. Therefore, we have (i) by combining the commutative 
sqaures mentioned above. 

(ii) We recall the isomorphism Oi : H*(iVj) — > H*(7Vi) v which Poincare duality on 
H*(Ni) gives; see Definition 15.21 and the ensuing discussion. Since the diagram 

H*(Ni) H > H*(N 2 ) 



is commutative, by Lemma 111.91 we have a commutative diagram 

H(f'r 

n 

t< 



£P(iV 2 ) v 



(_-t\d 2 (.d 2 -d 1 ) jj( iWV 

h ( ff*(iVi) vv V-i — H*(N 2 ) VV 

A f s 

1 C_x1 d2(ti2_<il 'ff('f1 

ff*(iVi) — H*(N 2 ), 

which is the dual to the above square. Therefore, the commutativity of the diagram 

(-l) d 2( d 2-dl) jj H (i H(f)) 

HH*(H*(M),H*(N 2 )) —— - HH*(H*{M),H*(Nx)) 

Homi(l,0 2 )j |Homi(l,ei) 

H(Rom H , (M2) (B, H * (N 2 ) v )) H ^ om ^ H ^^) H (Kom H * (M2) (B, H * (Ni ) v )) 



"(M 2 ) 



i7(Hom K (i/*(^ 2 ) ® ff . (A f 2 ) B),Ky (H ° mi(g(/ (Hom K (g*(iVi) ® H * 

-J lv \~ 

(H(H*(N 2 ) »)) v (H(H*(Ni) ®^ (A / 2 ) B)) v 

-J , 1 = 

(Tot h , {m2) (H*(N 2 ),H*(M))Y T °^ H ^ , Clbr g . (Jt<a) (g*(JV 1 ),H*(M)))V. 



implies the assertion (ii): 



□ 
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We recall the product mi on the loop homology M.*(L ai M) = (L ai M) 
defined by 

m,(a® b) = (-l) d -(l Q l +d *)(DZp) V 77(a<g>&), 

where r\ : H*(L a M)® 2 (H* (L ai M) y ) m ->• (H* (L ai M)® 2 ) v is the natural iso- 
morphism. 

Proposition 9.3. The map F> = (-l^ii^-d^ ^ F ly . H*(£ a2 M) -)• H„(Z, Q1 M) 
is an algebra map. 

Proof. For an element a ® 6 in H*(L a2 M)® 2 , since L>Zp o F ! = (-l)di (F ! $ 

F ! ) o Dip, it follows that (F ! ) v (Z^p) v = (-lj^C^-dO-M^-dO^^v^! F l)V. 
see Lemma 111.91 for the sign. Then, we see that 

mi(? (g>F)(a<g>&) 
=m 1 ((F ! ) v (a)®(F ! ) v (6)) 

=(_l)di(l°l+d2-rf 1 +d 1 )(£,^)V r? ^ F !)V^ g, (f ! ) v (6)) 
= (_ 1 )d 1 (|a|+d 2 )+|a|( ( i 3 -d 1 )( jD ^V( F ! g F !)V^( a g, & j 
— (_l) d i(l a l+ d 2) + |a|(d2-rfl)+di(d2-dl)+d 2 (d2-dl) (i^ ! ) V (Z?Zp) V 7/(a ® 6) 
= (_l)dirf2-di+d 2 (|o|+<i2)( F !)V^ J3 )V ?7 ( a g fe ) 

=F ! m 2 (a(g)6). 

This completes the proof. □ 

Let iV be a simply-connected Poincare duality space of dimension d. Consider 
the commutative diagram of simply-connected spaces 

Mi >■ Mo 



N. 

Let g denote H*(L^g), the morphism induced in cohomology by L^g : L^Mi — > 
LnMi- Then the map g coincides with the composite 

H*(Lp 2 M 2 ) H*(W 2 ® C . (M|) F 2 ) H*(M[ ® C » (M?) F 1 ) H*{L Pl M x ). 

Here is a right C*(M? )-semifree resolution of C*(N), F f is a left C*(M?)- 
semifree resolution of C*{M[). Moreover, id and (g 7 )* are the maps which make 
the diagrams 

C*{Ml)-^Uc*{M{) 

commutative up to homotopy. Observe that id = id and (g 1 ) = (g 1 )* in the 
derived categories D(Mod-(7*(Mf )) and D(C*(Mf )-Mod), respectively. 

Proposition 9.4. (i) The map g is compatible with the dual loop product. 
(ii) The dual (cji) v = H^(L^g) : H^(L ( g 1 A/ 1 ) — > M.*(Lp 2 M 2 ) is an algebra map. 
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Proof. Theorem 111.61 (1) and (2) enable us to obtain the commutative squares up 
to homotopy 

C * W ®o.(Mi) C*(M[) 10(S2)A9 } - C*(N) ®l, (M?) C*(M{) 

' 1® ( 3).(9 Xg9 ) ' 

°*(*0 ®c.(M|) C *( M 2 x *=f2 Mi) ^ C*(N) ® h c , {M}) C*(M[ x Ml M{) 

I 18 ( „4,,(9'x 9 ')* I 

C *( N ) ®c*(M|) C *( M 2 x Afj) »- C(N) ®^ (Mf) C*(Mf x Jiff) 

a! ®4 i» , i is* \^'' m 
C*(^ 2 ) ®c-(m 2 4) x — » C*(^ 2 ) C *( M i 7 x M i J ) 

EZ v ® Ez vEZ v j |eZ v ® ez vEZ v 

C * (7V) ®2 ®^ (m|)82 C *(M|)® 2 ^C*0V)® 2 ^» (M?)82 C*(M/)® 2 

T t (l® (g 2,,( 9 J )*)® 2 t T 
(C*(iV) ®^ (M|) C*(M|))®2 i£J ^ (C *(N) ®^, (Af2) C*(Mf))® 2 . 

Thus the commutativity in the torsion functor yields (i). The assertion (ii) is shown 
by the same argument as in the proof of Proposition 19.21 (i). □ 

Proof of Theorem lff.il With the same notation as in Propositions 19.31 and 19.41 we 
define a functor H*(L 7 M) by M*(L 7 M)(N) = W*(L N M) and 

H st (L?M)(/) = F> : H*(Ljv 2 M) -> H^L^M) 

for a morphism / : Ni — > N 2 in Poincarejv/ • Proposition ^ . 71 implies that M^(L^-M) 
is a unital associative algebra over H*(CIM). In fact, the based map * — > M gives 
rise to an algebra map M^LjyM) — > M.*(L*M) = H* +0 (£IM); see Proposition 19. 31 
It is readily seen that H*(L?M)(iaV) = idm t (L N M) ■ Moreover, the uniqueness of the 
shriek map enables us to deduce that M*(L?M)(fg) = M»(L-}M)(g) oH»(i?M)(/); 
see Theorem 12. II Then H*(L?M) is a well-defined functor. 

The result on the naturality of the spectral sequence follows from Proposition 
19.21 (ii) and the proof of Theorem 12.111 namely the construction of the spectral 
sequence converging to the relative loop homology. 

We define a functor U*(L N ?) by EU(i iV ?)(M) = W*(L N M) and W*(L N ?)(g) = 
(g) v : M*(LjvMi) -> H*(ijv-M 2 ) for a morphism g : Mi ->■ M 2 in Topf . The 
well-definedness follows from Proposition 19.41 □ 

We end this section with computations of the relative loop product. 

Proposition 9.5. Let f : M — > iT(Z, 2) = S5 1 &e a map from a simply- connected 
Poincare duality space M. Then W*(LmK(Z, 2); IK) = H*(M;K) ® A(y) as an 
algebra, where deg x ® y = — deg x + 1 /or x G * (M; K) . 

Proof. Let {E*'*,d r } be the spectral sequence in Theorem 12.111 converging to the 
algebra U*(L M K(Z,2);K). Then it follows from [2SJ Proposition 2.4] that E*'* 
H*(M;K) <g) A(y) as a bigraded algebra, where bideg y = (1,-2). We see that 
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Ej'* = for * > 2. This yields that the spectral sequence collapses at the Ei- 
tcrm and that xy - yx = and y 2 = in U*(L M K(Z, 2); IK) for any x e H*(M). 
Proposition 18.11 and Theorem 18.21 enable us to solve all extension problems. The 
answers are trivial. We thus have the result. □ 

By making use of functors H*(L?M) and W^L^l), we compute the (relative) 
loop homology of a homogeneous space. 

Let G be a simply-connected Lie group containing SU(2) as a subgroup and 
7r : G — > G/SU{2) the projection. Suppose that the cohomology H*(G;K) is iso- 
morphic to an exterior algebra on generators with odd degree, say A(V). Moreover, 
we introduce the following condition (P): 

The map i* : H 3 (SU(2); K) -> H 3 (G;K) induced by the inclusion i : SU{2) -> G is 
a monomorphism. 

Proposition 9.6. Wif/i the same assumption on a Lie group G as above, sup- 
pose further that the condition (P) holds. Then for some decomposition K{yi} © 
K{j/2» ••••) yi} of V , one has a diagram 

W*(L(G/SU(2))) « i A(y 2 , yfl ® K[z/ 2 *, i/fl 

p! =H»(i 7 (G/Sl/(2))))(7r)| 

H,(L G (G/S[T(2))) A(j/i, y 2 , y ; ') ® K^f, !/f] 

p':=H»(i G ?)(7r))| 

H*(£G) i A(yi, y' 2 , yfl ® K[i/f, i/,*] 

in which the horizontal arrows are isomorphisms of algebras, p{y'i) — y[, piy*) = v* , 
P'(y'i) = Hi! P'{ v i) = an d P'( u i) = v * f or i > I up to isomorphism, where 
deg v l = deg yi - I and deg y[ = - deg y l . 

Remark 9.7. In general, for a simply-connected compact Lie group G, the homology 
H 3 (G; Z) with coefficients in Z is torsion free and its rank coincides with the number 
of simple factors of G; see [301 Theorem 6.4.17] for example. 

The result [40j Theorem 6.6.23] asserts that for any compact, simply-connected 
simple Lie group G there exists an inclusion SU(2) — > G such that the induced 
map «* : Hs(SU(2); Z) — > H 3 (G\"Z) is an isomorphism and then the condition (P) 
holds. On the other hand, as seen in [34] p. 767], there exist Lie groups containing 
SU(2) as a subgroup such that the induced map i* : H 3 (SU(2);Z) — > B 3 (G;Z) is 
multiplication by an integer greater than one. Thus we see that the condition (P) 
does not necessarily hold. 

Proof of Proposition \9.6[ Let {E r , d r } and {E' r , d' r } be the EMSS's associated with 
the fibrations G/SU(2) -> BSU{2) -> BG and G -> EG -> BG, respectively. We 
have a morphism of fibrations 

G BG BG 

4 I II 

G/SU{2) ^ BSU{2) — ^ BG. 



This induces a morphism {f r } of spectral sequences from {E r , d r } to {E' r , d' r }. Since 
the condition (P) holds, it follows that (Bi)* : B 4 (BG;K) -> B 4 (B5*B(2); K) is an 
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cpimorphism. Therefore there exists a decomposition K{yi} © K{y 2 , ■■■■,yi} of V 
such that, as bigraded algebras 

E* 2 * = Tor H , iBG) (K,H*(BSU(2))) Si A(y 2 ,...„ yi ), 

E' 2 '* S Tor ff , (SG) (K,K) = A(y u y 2 , ....,yi) 

and f^iVi) = Hi- The algebra generators of the i? 2 -term in both the spectral se- 
quences are in the second line. This implies that 

H*(G/SU(2))SiA(y 2 ,....,y l ), 

H*(G) = A(j/i, j/2, Vi) 
and that ir*{yi) = yi- Let {E r ,d r }, {E£.,dJ,} and {E",d"} be the spectral sequences 
converging to the loop homology M*(L(G/SU(2))), H* (LG) and W*(L G (G/SU(2))) 
in Theorem I2.11[ respectively. Theorem 19.11 (2) and the proof of [25l Proposition 
2.4] yield the commutative diagram 

E 2 HH*(H*(G/SU(2)),H*(G/SU(2))) = A(y' 2 , ^) ® K[i/|, if] 
Eg*- HH*(H*(G/SU(2)),H*(G)) = A(y[,y 2 , ....,y\) ®K[i/|, ...,i/f] 

E 2 -^ HH*(H*(G),H*(G)) =A(|/^ a yO«KK^...,^l 

for which fltod/Q = ^, 52 (^*) = i/? , ,g 2 (^) = yj, # 2 (z/J) = and = v* for i > 1, 

where bideg Vi = (1, — degy^) and bideg y - = (0, degy,). It follows from Remark 
18.71 that {E' r , d' r } collapses at the -E 2 -term and that there is no extension problem 
on the .Eoo-term. This implies that {E",d"} collapses at the i? 2 -term and that 
yf — in W*(Lg(G/ SU(2))). Moreover, we see that there is no extension problem 
for commutativity and relations between generators since g 2 is an epimorphism. 

Since the map g 2 is a monomorphism, it follows that {E r , d r } collapses at the E 2 - 
term. Moreover, the same argument as in the proof of Theorem 18.61 with Theorem 
18.21 yields that there is no extension problem on the i^-terni of {K r ,d r }. This 
completes the proof. □ 



10. Proofs of Theorems 12.141 and 12.171 

Definition 10.1. Let A be a (differential graded) algebra. Let M be a ^4-bimodule. 
Recall that we have a canonical map [37J P- 283] 

® A : HH* (A, M) (gi HH* (A, M) — )• HH* (A, M ® A M) . 

(1) Let /2m : M <£> A M — > M be a morphism of ^-bimodules. Then the cup 
product U on HH* (A, M) is the composite 

HH p (A, M) ® HH q (A, M) ^4 HH p+q (A, M ® A M) hh " + ^> 1m) HH p+q {A 7 M). 

(2) Let e : Q ^> M ® A M be a A ® A op -projective (semi-free) resolution of 
M ® A M. Let fi M G Ext A0A a P (M ® A M,M) = H(YLom A ®A°p{Q,M)). Then the 
generalized cup product U on HH*{A 1 M) is the composite 

HH*(A, M)® 2 ^4 HH*{A,M® A M) ^'Jf^ -1 HH*(A,Q) HH "^f^ HH*(A, M). 
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Remark 10.2. Let M be an associative (differential graded) algebra with unit 1m- 
Let h : A — > M be a morphism of (differential graded) algebras. Then 

a - m*b := h(a)mh(b) 

defines an A-bimodule structure on M such that the multiplication of M, /j,m ■ 
M ® M — > M induces a morphism of A-bimodules fiu ■ M (gu M -> M '. 

Conversely, let M be a A-bimodule equipped with an element 1m € M and 
a morphism of ^4-bimodules p,M ■ M ®a M — > M such that /Um ° (a*m 03a 1) = 
Mm°(1®a/Jm) and such that the two maps m i-> /2m(w8>a1) and m >->• ^(l^m) 
coincide with the identity map on M. Then the map /i : A — >■ M defined by 
/i(a) := a • 1m is a morphism of algebras. 

The following lemma gives an interesting decomposition of the cup product of 
the Hochschild cohomology of a commutative (possible differential graded) algebra. 

Lemma 10.3. Let A be a commutative (differential graded) algebra. Let M be a 
A-module. Let B be an A® 2 -module. Let fj, : A® 2 — > A denote the multiplication of 
A. Let n : K — >• A be the unit of A. Let q : B B -» L? (gu B 6e i/ie quotient map. 
Then 

(1) Tori®'*® 1 (l, J [i) : Tor:?® 4 (M, A ® A) 4 Tor? 83 (M,A) is an isomorphism, 

(2) Homi0 M 0i(g, l) : Hom^^-B (gu £?, M) ^ Hom^^Bigi?, M) is an isomor- 
phism and 

(3) Extjg^fa, I) : Ext^ 83 (B (g)A B,M) 4 Ext^® 4 (.B ® B,M) is also an iso- 
morphism. 

(4) Let hm S Hom J < L ®i(M®' 2 1 M). Then Hm induced a quotient map Jim ■ 
M <S>a M — > M and the cup product U of the Hochschild cohomology of A with 
coefficients in M, HH*(A,M) = Ext A ^ 2 (A, M)^ iP is given by the following com- 
mutative diagram 

Ext > (A, M)^ ® Ext> 2 (A, M)^ Ext^ 4 (A® 2 , M® 2 ) M ® 2 ^ 

|Extj(l,^i M ) 

Ext^® 4 ( A® 2 , M) M ®2 iAl0/i ® 2 

^ Ex t3W®i(M,l) _1 

Ext^ 82 (A, M)^ — — Ext^® 3 (A, -M) jUO ( jU(gl i) ;/JO ( /J |g ll ) 

txt ig)»j®i Ui 1 ; 

(5) Let e : R ^ M <£>M be a A® 4 -projective (semi-free) resolution of M®M. Let 
fi M G Ext A8 4 (M® 2 ,M) = iT(Hom A9 4(i2,M)). Let /x M oe Extjg^fa, 

T/ien the generalized cup product U of the Hochschild cohomology of A with coeffi- 
cients in M, HH*(A, M) = Ext^® 2 (A, M) MjM is given by the following commutative 
diagram 

Ext^ 2 (A, M )„,„ ® Ext V (A, M )„,„ Ext^ 4 {A® 2 , M^ 2 )^ ,^2 

^{(Extni.e))- 1 

Ext^ 4 (A® 2 ,i?) 

|Exti(l,^i M ) 

Ext^® 4 (A® 2 , M) /J ®2 pOM ® 2 

^{Ext^^l)- 1 

Ext^ 02 (A, M)^ — — Ext^» 3 (A, M) Alo(M(g)1 ) jAto ( All81 ) 
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Proof. (1) Consider the bar resolution £ : B(A, A 1 A) ^ A of A. Since the complex 
B(A, A, A) is a semifree A-module, it follows from [T3l Theorem 6.1] that £ (g>A £ : 
B(A, A, A) <S)a B(A, A, A) — > A ®a A = A is a quasi-isomorphism and hence it is 
a projective resolution of A as a A® 3 -module. We moreover have a commutative 
diagram 

£(A, A, A) ® A, A) A ® A 

4 J" 
B(A, A, A) ® A 5(4, A, A) — * A 

in which g is the natural projection and the first row is a projective resolution of 
A <g) A as a j4® 4 -module. It is immediate that g is a morphism of ^4® 4 -modules with 
respect to the morphism of algebras : A m — > A® 3 . Then Tori0 (ti( g ) i(l, fx) 

is induced by the map 

1® q : M ® A m B(A, A, A) ® B(A, A, A) -t M <g> A ® 3 B(A, A, A) ® A B(A, A, A). 

Since A is a commutative, it follows that both the source and target of 1 ® u are 
isomorphic to W := M <g> Z?(K, A, K) (g> B(K, A, K) as a vector space. As a linear 
map, 1 (g> g coincides with the identity map on W up to isomorphism. 

(2) By the universal property of the quotient map q : B <£> B -» B Cgu B, 
Homig^gifg, 1) is an isomorphism. 

(3) Let e : P B be an y4® 2 -projective (semifree) resolution of B. We have a 
commutative square of j4® 4 -modulcs 

P ® P B ® B 

9 'l J 9 

F®aP 5 ®a B 

Therefore Ext*^^ (<?, 1) is induced by Homi® M ®i(q', 1) which is an isomorphism 

by (2). 

(4) Let A be any algebra and M be any A-bimodule. Let £ : B -4 A an A ® yl op - 
projective (semi-free) resolution (for example the double bar resolution). Let c : 
B — > B ®a B be a morphism of A-bimodules such that the diagram of A-bimodules 

B s- A 

1= -1 

B ®a B A® A A 

is homotopy commutative. The cup product of / and g G Horn a®a°v^>, M) is the 
composite p.^ o (/ (g)^ g) o c £ Hom J 4 8j 4o P (B, M) j43j p. 134]. 

Suppose now that A is commutative and that the A-bimodule structure on M 
comes from the multiplication fi of A and an A-module structure on M. The fol- 
lowing diagram of complexes gives two different decompositions of the cup product 
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on HomA®A°p (B, A/). 

Rom A m (1, M ) ® Hom A «2 (B, M ) Hom A «4 (B ®B,M® M) 

|<gM |Homi(l,/i lf ) 

Hom A »3 (B^B,M®i M ) Hom i8 4 (B <g> B, M) 

__JHomi(l,/iM) . 

— . — sjHomig^gntg,!) 

Hom A8A « P (B (g) A B, Ml < Hom A83 (B ® A B, M) 

Bomi g , g i (1,1) 

lHomi(c,l) 

Hom,4giAop (B, M) 

(5) Let e : P 4 Af be a surjective A ® A op -projective (semifree) resolution of M. 
Tnen \im can be considered as an element of Hom A »4(P ® P, M). By lifting, there 
exists up G Hom j 4®4 (P (gi P, P) such that so fi P = /i M . By 2), there exists /2p such 
that flp o q — fip. We can take /2 m = £ /2p- 

It is now easy to check that the isomorphism HH*(A,e) : HH*(A,P) ^ 
HH*(A, M) transports the cup product on HH* (A, P) defined using ftp to the 
generalized cup product on HH*(A, M) defined using /2m- We now check that the 

isomorphism HH*(A,e) : HH*(A,P) ^ HH*(A, M) transports the composite 
ExtV {A, P)^ <g> ExtV (A, P)„,„ ExtV (A» 2 , P® 2 ) M ®2 jAt « 2 

jExt*(l,^ P ) 

Ext^® 4 (A® 2 , P) M ®2 !lMofl ®2 

Ext^«2 (A, PjjU.jU ; — — Extras (A, P) /jo (/j®1), j uo( ( u®1) 

into the composite 

ExtV (A, M) MiM (8) Ext^ 82 (A, M) MiM Ext^ 4 (^ 2 , M® 2 )^^ 

^{(ExtJ(l,£(8l£)) _1 

ExtV(^ 2 >-P«>^) 

|Exti(l,p M ) 

Ext^®4(A® 2 , M) M ®2 iM0M ®2 
Ext^®2(A,M) MiM — — Ext^® 3 (A,M) A10 ( A1(81 ) iAlo ( Mgl ) 

By applying (4) to fj,p, we have proved (5). □ 

Theorem 10.4. (Compare with [151 Theorem 12]) Let B be a simply- connected 
commutative Gorenstein cochain algebra of dimension m such that Vi G N, H l (B) 
is finite dimensional. Then 

Ert*+™ B (B,B®B)^H*(B). 

Proof. The proof of [151 Theorem 12] for the strongly homotopy commutative al- 
gebra C*(X) obviously works in the case of a commutative algebra B. □ 

Remark 10.5. In [T] Theorem 2.1 i) iv)] Avramov and Iyengar have shown a related 
result in the non graded case: Let S be a a commutative algebra over a field K, 
which is the quotient of a polynomial algebra K[a;i, . . . , Xd] or more generally which 
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is the quotient of a localization of K[xi, . . . , Xd\- Then S is Gorenstein if and only 
if the graded S'-module Ext^^S, S ® S) is projective of rank 1. 

Example 10.6. (The generalized cup product of a Gorenstein algebra) Let A — ► B 
be a morphism of commutative differential graded algebras where B satisfies the 
hypotheses of Theorem ll0.4l Let Ab : B — > B®B be a generator of F,Xtg^ B (B, Big) 
B) = K. By taking duals, we obtain the following element of Ext™ 0A (B y ®B W , B v ): 

(A B ) V : B v ® B v -> (B ® B) v B v . 

By 3) of Lemma[1031 (A B ) V induces an element p B v G Ext™^ A (B v ®a B v ,B v ). 
Therefore, by ii) of definition 110.11 we have a generalized cup product 

HH p {A, B v ) ® B v ) 4 HH p+q+m (A, B v ). 

Proof of Theorem \2.17\ Step 1: The polynomial differential functor extends 
to a functor F) for pairs of spaces Y C X. The two natural short exact 

sequences JT3J p. 124] 

-> F) -> A(F) -4 

and 

-> C*(X,F) -> C*(X) -> C*(F) -> 

are naturally weakly equivalent [T3| P- 127-8]. Therefore all the results of Felix and 
Thomas given in [15] with the singular cochains algebra C*(X;Q) are valid with 
A(X) (For example, the description of the shriek map of an embedding N =-> M at 
the level of singular cochains given p. 419 of |15j). In particular, our Theorem l2.3l is 
valid when we replace C*(X) by A(X). (Note also that a proof similar to the proof 
of Theorems 111.31 or 111.61 shows that the dual of the loop product on A(L^M) is 
isomorphic to the dual of the loop product defined on C* (L^M).) This means the 
following: Let A ! be a generator o{ Ext^ N 2^ (A(N),A(N 2 )) = Q given by Theorem 
12 of 15 . Then Tor (l,cr*) o EM^ 1 is an isomorphism of algebras between the 
dual of the loop product Dip on H*(A(LnM)) and the coproduct defined by the 
composite on the left column of the following diagram. 

Step 2: We have chosen A ! and A^(jv) such that the composite ip o A^^^ is 
equal to A ! in the derived category of A(7V)® 2 -modules. Therefore the following 
diagram commutes. 

Tovt {M2 \A{N),A{M)) * Tor ^ (M) Torf^ (A(N),A(M)) 

Tor A (Pi3)(l,l)| Tor 18 " 1 ® 1 (1,1) | 

To4 (M3) (A(N),A(M)) J^p^l ToT?M® 3 (A(N),A(M)) 

Tor' 4<lxAxl) (l,A(A))|s Tor 1 ®"® 1 

Tor^ M4 ) (A(N), A(M 2 )) * Tor^ M )® 4 (A(N), A(M)® 2 ) 

Tor^A'.l)! To/CAa^.I)! 

Tor^ Af4 ^ (A(N 2 ), A(M 2 )) < Tot$M*\A{N)®\ A(M)® 2 ) 

s| Si j 
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Step 3: Dualizing and using the natural isomorphism 

Ext^(Q,P v )4Tor^(P,Q) v 

for any differential graded algebra B, right S-module P and left 5-module Q, 
we see that the dual of $ is an isomorphism of algebras with respect to the loop 
product and to the long composite given by the diagram of (5) of Lemma ll0.3l when 
A := A(M), M := A(N) V and fx M := (A A(JV) ) V . 

Step 4: We apply part 5) of Lemma ri0.3l to see that this long composite coincides 
with the generalized cup product of the Gorenstein algebra B := A(N). The same 
argument as in the proof of Theorem 15.31 completes the proof. 

□ 

Proof of Theorem \KT^\ Let e : B 4 C*(M) be a right C*(M 2 )-semifree resolution 
of C*{M). As explained in p. 419 of [TS], A ! fits into the following homotopy 
commutative diagram of right C*(M 2 )-modules. 

*- C* +m (M 2 ) 



; jca Pjvf2 

c*(m) a(M) A * , c*(m 2 ^ 



Therefore, by applying the functor Toy* c ,^ m ^{— , C*(M 2 )), we obtain the commu- 
tative square 

Tor^ (M4) (C*(M),C*(M 2 )) Tori ^' x > , Tor^ (M4) (C.(M), C*(M 2 )) 



Tor! 



(A ! ,1)J jTo ri (A t 4) 



Tor^, (M4) (C*(M 2 ),C*(M 2 )) Tor^ (M4) (C*(Af 2 ), C*(Af 2 )). 

Therefore using Theorem 12 .31 $ is an isomorphism of coalgebras with respect to 
the dual of the loop product and to the following composite 

Tor » (1,1) 

Tor^, (M2) (C„M, C*M) >- Tor^ (M3) (aM, C*M) 



|Tor (lxAxir (l,A*) 

-TorJw^fC* 

Tori (A,, 1) 



Tor^ (M4) (£7, (M 2 ), C* (M 2 )) , Tor£. (M4) (C, (M),C* (A/ 2 )) 



^|Tori(_EZ,l) 

Tor^ (M4) (a(Af)« 2 ,C*(Af 2 ))^^^^^ 

Tor Ez v (l,EZ ) 

Tor T (l, 7 )|s 

Tor^ (M2) (a(M),C*(M))® 2 ^Tor^ (M2)82 (C*(A/)® 2 ,C*(Af)® 2 ). 

Dualizing and using the natural isomorphism 

Ext^(Q,P v )4Tor^(P,Q) v 

for any differential graded algebra B, right B- module P and left B-module Q, we 
see that the dual of $ is an isomorphism of algebras with respect to the loop product 
and to the multiplication defined in Theorem 12. 141 □ 
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11. Appendix: Properties of shriek maps 

In this section, we extend the definitions and properties of shriek maps on Goren- 
stein spaces given in |15j . 

Definition 11.1. A pull-back diagram, 



q p 

N s- M 

satisfies Hypothesis (H) (Compare with the hypothesis (H) described in [15l page 
418]) if p : E -» M is a fibration, for any n £ N, H n (E) is of finite dimension and 

{N is an oriented Poincare duality space of dimension n , 
M is a 1-connected oriented Poincare duality space of dimension m , 

or / : B r — > B l is the product of diagonal maps B — > B ni , the identity map of B, 
the inclusion rj : * — > B for a simply-connected K-Gorenstein space B. 

Let n be the dimension of N or r times the dimension of B. Let m be the 
dimension of M or t times the dimension of B. It follows from [151 Lemma 1 and 
Corollary p. 448] that H g (N) = Extgt^™ (C* (N), C*{M)). By definition, a shriek 
map f for / is a generator of Ext^™^(C*(iV), C*(M)). Moreover, there exists an 
unique element g- £ Ext^'^C* (X), C*(E)) such that g' o C*(q) = C*{p) o f in 
the derived category of C*(M)-modules; see Theorem 12. II 

Here we have extended the definitions of shriek maps due to Felix and Thomas 
in order to include the following example and the case (A x 1)' that we use in the 
proof of Proposition 12.71 

Example 11.2. (Compare with [HI p. 419-420] where M is a Poincare duality space) 

Let F A E 4 M be a fibration over a simply-connected Gorenstein space M with 
generator rj { = oj m 6 Ext£. (M) (K, C*{M)). By definition, H(tf) : H*(F) 
H* +m (E) is the dual to the intersection morphism. 

Let G be a connected Lie group. Then its classifying space BG is an example 
of Gorenstein space of negative dimension. Let F be a G-space. It is not difficult 
to see that our intersection morphism of F — > F x q EG — > BG coincides with the 
integration along the fibre of the principal G- fibration G — > F x EG — >• F x q EG 
for an appropriate choice of the generator see the proof of |15[ Theorem 6]. 

Suppose now that F A E M is a monoidal fibration. With the properties 
of shriek maps given in this section, generalizing [TjjjJ Theorem 10] (See also [19j 
Proposition 10]) in the Gorenstein case, one can show that the intersection mor- 
phism H(rj<) : H* +m (E) — > H*(F) is multiplicative if in the derived category of 
C*(M x M)-modules 

(11.1) A ! o UlM = w Af X Wtf- 

The generator A ! G Ext™, (M2 )(C*(M), C*(M 2 )) is defined up to a multiplication 
by a scalar. If we could prove that A ! o uj m is always not zero, we would have an 



48 KATSUHIKO KURIBAYASHI, LUC MENICHI AND TAKAHITO NAITO 

unique choice for A ! satisfying (11.1). Then we would have solved the "up to a 
constant problem" mentioned in [15j Ql p. 423]. 

We now describe a generalized version of [15, Theorem 3]. We consider the 
following commutative diagram. 




/' 

in which the back and the front squares satisfies Hypothesis (H). 

Theorem 11.3. (Compare with 15\ Theorem 3]) With the above notations, suppose 
that m! — n' = m — n. 

(1) If h is a homotopy equivalence then in the derived category of C*(M')- 
modules, /' o C*(u) = eC*(h) o /'•, where eel. 

(2) If in the derived category of C* (M') -modules, f' oC*(u) — eC*(h) of' then 
in the derived category of C* (E 1 ) -modules, g' oC*(v) = eC*(k) og n . In particular, 

H*(g ] )oH*(v)=eH*(k)oH*(g> ] ). 

Remark 11.4. a) In (1), if N' and M' are oriented Poincare duality spaces, the 
constant e is given by 

H n (f) o H n (u)(u; N ,) = eH m \h) o H n ' {f){u N ,). 

In fact, this is extractd from the uniqueness of the shriek map described in |15l 
Lemma 1]. 

b) In [151 Theorem 3], it is not useful that v and k are homotopy equivalence. 
But in |15| Theorem 3], the homotopy equivalences u and h should be orientation 
preserving in order to deduce e = 1. 

c) If the bottom square is the pull-back along a smooth embedding /' of compact 
oriented manifolds and a smooth map h transverse to N' . Then by [361 Proposition 
4.2], f o C*(u) = C*(h) o f - and H*(g [ ) o H*(v) = H*(k) o H*(g A ). 

Proof of Theorem \11.3[ The proofs of (1) and (2) follow from the proof of p~5l 
Theorem 3] . But we review this proof, in order to explain that Theorem 111.31 is 
valid in the Gorenstein case and that we don't need to assume as in [TS1 Theorem 
3] that u, k and v are homotopy equivalence. 
(1) Since h is a homotopy equivalence, 

Ext* CHMI) (C*(N'),C*(h)) : 

Ext* c , (MI) (C*(N'),C*(M')) Ext* CHM , } (C*(N'),C*(M)) 

is an isomorphism. By definition [151 Theorem 1 and p. 449], the shriek map f' ] is 
a generator of Ext^'~^, ) (C*(N'),C*(M')) K. Then C*(h) o f - is a generator of 

Ext£^'j(C*(J\P),C*(Af)). So since /' o C*(u) is in Ext™^ ;) [C* (N'), C*(M)), 
we have (1). 
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(2) Let P be any C*(-E')-module. Since X' is a pull-back, a straightforward 
generalization of [15] Theorem 2] shows that 

Ext* c , (p0 (C* (<?'), P) : Ext^ (E0 (C* (X'),P) -> Ext^^C* (iV), P) 

is an isomorphism. Take P :— C*{E). Consider the following cube in the derived 
category of C*(M')-modules. 



C*(v). 



C*{X') 

C'(q') 



C*(X) 



C*(E') c ' {k) 



■C*(E) 



C*(N) 



c*(p') 



C*(M). 



C*(N') 



C*(M') 



C*(h) 



Since in Ext* c , (MI) (C*(N'),C*(E)), the elements ff ! o C*(v) o C*(g') and eC*(fc) o 
g' ! o C*(g') are equal, the assertion (2) follows. □ 

When u and h are the identity maps, Theorem 1 1 1 . 3 1 gives [TBI Theorem 4] (Com- 
pare with [T21 Lemma 4]) and the following variant for Gorenstein spaces: 

Theorem 11.5. {Naturality of shriek maps with respect to pull-backs ) Consider 
the two pull-back squares 

9 



X- 

v \ 
X' ■ 

4 

B r 



■E 

{/>' 
■E' 
\p' 
B t 



where A : B r —> B l is the product of diagonal maps of a simply- connected K- 
Gorenstein space B andp' and p' ok are two fibrations. Then in the derived category 
of C* (E')-modules, 

g ] oC*(v) = C*(k)og"-. 



Theorem 11.6. ( Products of shriek maps ) Let 



X ■ 

4 

AT- 



■E 

M 



and 



X 1 ■ 
</' | 
N' ■ 



f 



■ E' 

M' 



be two pull-back diagrams satisfying Hypothesis (H). Let 

EZ V : C*(M x M') 4 (C*(M) ® C*(M')) V 

be the quasi-isomorphism of algebras dual to the Eilenberg- Zilber morphism. Let 

6 : C*{M) g> C*(M') 4 (C*(M) ® C*(Af')) V 

&e i/ie quasi-isomorphism of algebras sending the tensor product of cochains (f®(f' 
to the form denoted again ip <8> <p' defined by {<p ® <p')(a <g> b) = (— 1) I ^'1 l"l ^(q,) ^' (fc,) . 
Then 
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(1) there exists h G Ext™+^y™-™' M/))V ((C*N ® C*N') V , (C*M g> C*M') V ) racfc 
iftai m i/ie derived category ofC*(M x M')-modules 

C*{N x AT') — (/X/ } " > C*(M x M') 

EZ V \ \eZ w 

(C*(N) <g> C*(AT')) V (C*(M) ® C*(M')) V 
and in the derived category of C*{M) ® C* (M')-modules 

(c*(n) ® a(iv')) v (c*(m) ® a(M')) v 



C*(N) <g> C*(iV') — — h>; C*(M) <g> C*(M') 

are commutative squares for some e G K* . 

(2) Suppose that N, N , M and M are Poincare duality spaces oriented by 
u N G H n (N), ujn- G H n '(N'), uj m G H m (M) and w M > 6 H m '(M'). If we orient 
N x N' by uj n x u N > and M x M' by U) M X u w then e = (_i)(™'-™>. 

(3) T/tere exists G Ext^+^-J^v ((C*P0 <g> G*(X')) V , (<?*(£) ® G„(£')) V ) 
smc/i i/iai in the derived category of C*(E x E') -modules 

C*(X x X') (gXg) > C*{E x E') 
ez v \ \ez v 
(C*(X) ® C*{X')) y — »- {C,{E) g C*{E')) y 

and in the derived category ofC*(E) (g> C* (E 1 ) -modules 

(C*psT) ® C*(X') f -4* (C*(£) g> c**(£')) v 



c*(x) ® a*(x') — ;— »- c*(E) ® c*(s') 

eg ®g' 

are commutative squares. 

Remark 11.7. Here g ! <g> g' ! denotes the C*{E) ® C* (£")-linear map denned by 

( 5 ! ® 5 ' ! )(a®6) = (-l)^ll a l.g ! (a)® ff ' ! (6). 
Therefore, Theorem II 1.61 (2) implies that 

#*((.9 x S') ! )(a x 6) = (-l)( m, - n ')( n +l°l)fr*( 5 l )( ) x H*{g")(b). 
The signs of [5J VI. 14.3] are different from that mentioned here. 

Proof of Theorem \11.6\ (1) By definition [TSl Theorem 1 and p. 449], (/ x /')' is 
a generator of Ext§™+™'^? ) ""' (C* (AT x AT'), C*(M x Af')). Let ft be the image of 
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(/ x /') ! by the composite of isomorphisms 

Ext^ (MxM/) (C*(Ar x N'),C*(M x M')) 

Ext* d (/d,£Z v )js 

Ext^ (MxM0 (C*(7V x N>), (<7,(M) ® C,(M')) V ) 

ExtJ, zV (£;Z v ,/<i)|s 

McwgctMT^W ® C,(iV')) v , (C.(M) ® a(M')) v ). 
Since / ! ® /' ! is a generator of 

Extgr ( +7^' (C*(7V) ® C*(JV'), C*(M) ® C*(M')) 

= Ext^(C*(7V),C*(M)) ® Extg^V^O^M')), 
the image of h by the composite of isomorphisms 

Mc.(M)®c.(MO)v((C'.(i\0 ® C,(iV')) v , (C.(M) (8 a(M')) v ) 

^|Ext^(0,7d) 

Ext^, (M)0C , (MO (C*(AT) ® C*(iV'), (C.(M) ® a(M')) v ) 

-"Ext; d (/d,e) 

Ext^^.^^AT) ® C*(AT'),C*(M) ® C*(M')). 

is an element e(/ ! ® / ,! ), where £ is a non-zero constant (2) In cohomology, (1) gives 
a commutative diagram 

H*(N x N') H ' iUXf 7 } H*(M x M') 



ff*(A0 ® H*(N') ff*(M) ® H*(M'), 
where x is the cross product. Therefore 

0J M X W M ' = #*((/ X f')-)(LO N X Wjv') = 

e(-l)( m '- n >H*(f)(cj N ) x H*(/' ! )( WA r,) = £ (-1)(™'-"')" Wm x lom' • 
(3) Consider the following cube in the derived category of C*(M x M')-modulcs 



(a(v)®apO) v 



■ (a(s)(g)a(E'))' 



C(X x X') ■ 



C,(q)®C,(q')) S 



C'(qXq') 



C*{N X W) ■ 



I (gxg'y 



■C*(E x £') 



(C7,(v)®a(v')) v 



(C,(p)®C.(p')) v 



C(pxp') 



■C*(M X M') 



(C*(M) ® C*«(M')) V 



(/x/') ! 

with fc defined below. Since 

Ext^ (pxp0 (C*( g x g '),C*(^x^)) = 
Ext^^tC'pr x X')>C*(£ x £')) "> Ext^ (MxM0 (C*(iV x iV'),C*(E x £')) 
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is an isomorphism, it follows that the maps 

Ext^ (px?/) (C*(g x q% (C*(E) ® C*(E>)) V ) : 

Ext^, (BxB0 (C*(X x X'), (C*(£) ® C,(E')) y ) 

-+ Ebd&.^^C^iV x iV'), (C.(£) a(i?')) V ) 

and 



Ext?, 



(C.(p)8C(p')) 



Ext 



lc,(E)®c,(E')y((C*(X) ® a(X')) V , (C,(25) C»(£')) V ) 



are also isomorphisms. Let fc be the image of (C*(f>) ® C*(p')) v o /i by the inverse 
of the isomorphism 



Ext 



0) v((C,(«) ® 0,(<z')) V , (C*(£) C,(^)) v ). 



'\\ v \ 



(C„(p)®C„(p')) 

Since _EZ V o [g x g') ! and fc o £?Z V have the same image by 
Ext* c , {pxpl) (C*(q x <?'), (C.(E) ® a(i?')) V ), 

they coincide and hence we have proved the commutativity of the first square in 
(3). For the second square in (3), the proof is the same using this time the following 
cube in the derived category of C*(M) ® C*(M')-modules 



(C«(X)®C*(X r )) x 



•(a(E)®a(E')) x 



f(C„(<l)®C„(g')) V 
C*(X) <g> C*(X') ! ; — C*(E) ® C'(E') 



C*(q)®C*(q') 



C*(N)®C*(N') ■ 



(a (at) ® a (at')) 



ef®f" 



(C»(p)®C.(j.')) V 



C*(p)®C*(p') 



.(C.(M) ® C.(M')) X 



-^C*(M)(g)C*(M') 



□ 



We conclude this section with lemmas on maps with non-zero degree in general. 
These results follow from straightforward calculations. 

Lemma 11.8. Let A* be a graded vector space and p : A* ® A* — > A* a linear map 
of degree d. Put A* = A*~ d and define m : A* ® A* -> A* fey 



m(a 6) = (-1) 



d(|a|+d) 



p(a ® 6), 



where \a\ = i if a £ A 1 . Then one sees that 

(i) if p o (p ® 1) = (— l) d p o (1 p), then m is associative, and that 

(ii) if poT = {-l) d p for the switching map T : A* ® A* ->• A* , i/ien 

m(a ® fe) = (-l) (|a|+d)(|b|+d) m(fe ® a) 

for a^b e A* (gi A*. In particular, if p satisfies both conditions in (i) and (ii), t/ien 
(A*,m) is a graded commutative algebra. 



the square 



is commutative. 
(ii) Let f : A -> B and g 
is commutative: 
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Lemma 11.9. (i) For a commutative diagram of graded WL-modules 

A — ^-s> B 

'4 ^ 

C D, 



A y * B v 

C v ■* D v 



: C —> D be maps of graded 'K-modules. Then, the square 



(A®C) V >-(B <g> £)) v . 
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